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Abstract: Stagger-period sequences are a kind of
temporal sequences, but Fourier analysis for a
uniform-period sequence is not available to a
stagger-period sequence; it means that the analytic
conclusions would be misleading. We first define
essential concepts related to a stagger-period
sequence and a stagger-lag autocorrelation matrix,
and propose a Fourier transform pair of a stagger-
period deterministic sequence and its spectrum; we
analyze properties related to this transform pair, such
as the orthogonality of a complex exponential
sequence, spectral periodic extension, Toeplitz of
circularly stagger-lag matrix and the staggered
Paseval’s theorem, etc.; we verify inverses of each
other of this pair, and derives a convergence
condition of the transform. Then, another Fourier
transform pair of a stagger-lag autocorrelation matrix
and its power spectrum density, properties related to
this pair, inverses of each other of this pair and a
convergence condition of the transform, in this paper,
are also studied. During analyzing, the similarities
and differences between the uniform-period and
stagger-period counterparts are discussed. Two
applications of these Fourier analyses, search of
optimal stagger periods and spectrum estimation of
stagger-period sequences, are also described in
details. In the end, the advantages and methodology
of this study are summarized.

Key words: stagger-period sequence, staggered
Fourier transform pair, staggered power spectrum
density, stagger-lag autocorrelation matrix, staggered
spectrum estimation

Volume-3 | Issue-9 | September,2017 | Paper-1

1. Introduction

In the fields of radar transmission,
earthquake prediction, radio astronomy and
weather  forecast, etc., there exists a kind of
temporal sequences and spatial signals, which
characterize stagger periods and stagger intervals.
Because of interferences of turbulence conditions,
the astronomical data from Laser-Doppler
anemometry may be irregular, reference[1] presented
a modified version of the Burg algorithm to make the
spectrum estimates more reasonable. Because of
influences of geologic structures, the geosensors of
earthquake prediction were not located at the uniform
intervals[2], the outputs of their sensing system
always were nonuniform-interval array signals, the
maximum likelihood algorithm was still used but the
new test statistic had to be incorporated. The
uniform-period transmission of Doppler weather
radars causes range-velocity ambiguity, so the
stagger-period pulse transmission and multi-PRF
have been applied; reference[3,4] developed
effective clutter filters which matched the
requirements of the staggered transmission of the
weather radar. Reference[5] presented a Dirichelet
transform pair of nonuniformly sampling signals, but
it did not give a proof of inverses of each other.
Reference[6] simply proposed a Fourier transform
pair of a stagger-period sequence and its spectrum,
and introduced its application, but did not prove
inverses of each other of the transform pair.

** This project was supported in part by a grand from
the National Science Foundation of China, 69172019.
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Currently there exists no consistent/integrated
Fourier analysis theories to analyze the stagger-
period sequences as common uniform-period Fourier
analyses do[7,8,9]. In the above projects, most of the
researchers adopted the specific theories and
different solutions for their own projects, their ideas
were to modify signal processing algorithms for
uniform-period sequences. In fact, if ones research
the relationship between the uniform-period and
stagger-period sequences, they probably and easily
generalize the uniform-period Fourier analysis to the
stagger-period that, and then, some staggered
projects may be solved easy as in the uniform-period
case. After many years’ study on the Fourier analyses
of stagger-period sequences, based on the Fourier
analyses of the uniform-period sequences, we have
created the Fourier transform pair of a staggered
deterministic sequence and its spectrum, analyzed the
spectral properties, verified the inverses of each other
and derived the relationship with its analogue
spectrum, etc. Furthermore, by the same method as
studying the stagger-period deterministic sequence,
we have also created the Fourier transform pair of a
stagger-lag autocorrelation matrix and its power
spectrum density, and gave the related derivations
and discusses. Two effective applications of the
stagger-period analysis, search of the optimal stagger
periods and spectrum estimation of a stagger-period
echo sequence, were introduced in the end. We
attempt to integrate the studied results into this
paper; the entire analyses we obtained are relatively
simple in expressions and much similar to those in
the uniform-period Fourier analyses.

2. Essential concepts and properties of
stagger-period sequences

If periods {T,,} of discrete-time samplings
{x(t,)}, nef0,+1,...} meet

ThEty —th1 FThy1 Sty — by 1)
we call the sampling set a stagger-period sequence,
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briefly a staggered sequence, then {T,} are its
stagger periods. If {x(t,)} meets both (1) and

T, = N+t — Lem-1)N+1

me{0,+1,..}, le{1,2,..N;} (2)

where T, is a circular or uniform period of {x(t,)}
and equal to Z?':flTi, N; is a number of all the
mutually unequal stagger periods, we call {x(t,)} a
circular  stagger-period sequence or circularly
staggered sequence. Assume that scale of the stagger
periods meets Ty: T: ... Ty, = K;: K3: ... Ky,, then the
set of the ordered integers {K;} is a stagger code of
{x(t,)}. If {K;} are mutually prime and meet

=Ty /Ky =Ty /K, = - Ty /Ky, 3)
we call z the highest common divisor of these
periods. Obviously, z=T,/ Z?':fl K;,® and an average
sampling frequency is F, = N,/T.. A circularly
staggered sequence with N, = 1 can be considered as
a uniform-period sequence. A circularly staggered
sequence also is briefly called a staggered sequence.
A stagger-period sequence which meets (1) only is a
noncircular stagger-period sequence or is considered
as a circular stagger-period sequence with N; — oo,

Fig.l1 shows a circularly staggered sequence
{x(t,)} = sin(2nFyt,) , nef0,1,...,9}, F, = 6Hz ,
denoted by bar lines. The stagger code, circular
period and average sampling frequency are shown in
the figure. We can figure out, N, = 2, 7=0.2/7s. The
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Fig. 1 A stagger-period sinusoid sequence

(1) Later in this paper, Z?’;l K; is denoted by Y K;.
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dashed curve is the original analogue signal.

Assume that a stagger-period random sequence
{x(t,)}, ne{0,£1,...} is stationary and meets (1) to
(3); conventionally, its autocorrelation matrix is
defined as

T (tn, tm) £ E{ x(t)x" (ty)} (4)
where E{} is expectation operator and * is complex
conjugation. This equation looks like the auto-
correlation matrix of a non-stationary sequence. Even
if the staggered sequence is stationary, its auto-
correlation matrix does not characterize Toeplitz, i.e.

T (th t) # T (tnwrs tmar) n+m,

Ie{1,2,..N, — 1} 5)
However, the autocorrelation matrix characterizes
Hermitian, i.e. the matrix elements ensure that

T (b tm) = 15 (G t)

Furthermore, for a circularly staggered stationary
sequence, its autocorrelation matrix has a
characteristic of circular Toeplitz, i.e.

Te(tn tm) = rx(tn+Nt' tm+Nt) n#*m (6)
where N, is the stagger-period number. Thus, the
elements of only one column cannot determine the
entire autocorrelation matrix, except the contiguous
N, columns, so many power spectrum analyses of a
stationary sequence with uniform periods are not
available to the staggered sequences.

3. Fourier analysis of a stagger-period
sequence

Lemma:
sequence {e/2™tn}, ne{0, 1, ... ;which meets (1) to
(3) is normalized, orthogonal in the frequency region
fel—Bs/2,B¢/2], where By = 1/7, it is referred the
spectral period of a stagger-period sequence (proved
in the below), specifically,

1 (Bff2 _ N
Ef—lgj{/Z eJ2nf(tn tl)df:(?t(tn —t) 2 {

A staggered complex exponential

1 n=1
0 n#l

n,le{0,+1,...} @)
Proof: If n=I, obviously (7) holds. If n # [, in terms
of (1) to (3), we obtain that
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tn — t=(MEK; + N1, K T
I mef0,+1,...},3 1, ,e{1,2,...,N;}  (8)
It means that there exists a nonzero integer | which
makes t,, — t; = Iz. Thus,

Bifféjf/zz /2t tn=tdf=Sinc[nB; (t, — t,)] = 0
f

We call (7) the time-domain Dirac function with
stagger periods; it shows a similar expression of
uniform-period Dirac  function  (discrete-time
sequence) [7].

Assuming that a staggered deterministic sequence
{x(t,)}, ne{0, 41, ...} meets (1) to (3), we define
Fourier transform of this sequence as

Xs(f) = Z%o:—oox(tn)e_jznftn
fel-B;/2,B;/2] 9)
where By = 1/7. We call X;(f) a staggered Fourier
transform of the {x(¢t,)}, or an amplitude spectrum
of the sequence, briefly its spectrum. Let t; =0,
from the proof of (7), we know that there exists an

integer I = myK; + Y2 K;, m, I, are the same as

in (8), which makes t,, = It, ne{0, +1, ... }. Thus,
e—j2n(f+Bf)tn=e—j2nftne—j2nITBf

Since By = 1/7, e /2™ =1. Thus, X,(f + Bf)=

Xs(f) is of a spectral period By.

Given Fourier transform (9), we define its inverse
Fourier transform as

x(ty) = Biffo/z X (f)el2™tndf nef0,+1,...}

-Bf/2
(10)
and call it a staggered inverse Fourier transform.
From (7), we know that the sequence {e/?™/tn} is
normalized, orthogonal in the frequency region
fel—Bs/2,Bf/2]. This has indicated qualitatively
that (10) is validated. In order to ensure that (9) and
(10) both form a transform pair, we need to verify
their inverses of each other. Inserting (9) into the
right-side of (10), we obtain that if (9) is uniformly

convergent,
1 (Bf/2
Bf —Bf/z

=X 2o X(£) 8¢ (En — t))

Zfo:_oo x(tl)e—ﬁnf(tz—tn) af

(in terms of (7))
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= x(tn)

Using completely the same way as in uniform
period analysis[8], we easily derive that the
convergence condition of the Fourier transform (9)
are absolutely summable, i.e.

T [x(tn) <00 (11)
This expression is similar to the condition of
uniform-period Fourier transform [8].

In practice, the staggered sequences always meet
(112), so their spectra exist; theoretically, there is a
sequence which does not meet (11), e.g. an impulse
train with stagger periods. When we derive the
relationship between a spectrum of a staggered
sequence and its original analogue spectrum, we
need to exploit a technique related to this train.
Reference [7] describes a Fourier transform pair of
an impulse train and its impulse spectrum with limit
convergence operation. Assume that X¥(t,) is a
stagger-period impulse train which meet (1) to (3),
and x(t) is its original analogue signal, then, ¥(¢t,)
= x(t) Yoo O0(t —t,) Without  losing
generalization, let t, =0, and t,=mT.+t; ,
mef0,+1,...}, lef0,1,..,N,— 1} , %(t,) can be
denoted by

() =x(t) Tim-o ity 0t —mT, 1)) (12)

Let also the spectrum of x(t) be X° (f), taking
continuous-time Fourier transform of both sides of
(12) and considering it as a sum of N, uniform-
period trains, we can obtain that the spectrum of

%(ta) [71,
XN, X9 B e 8 (21 =
g+ g)) e~ I2n(f-Dtigg

= e X (f + 1) A)

N.—1 j2nﬂt
where A(m)=X,% e Tt

sequence. From this Fourier analysis, we conclude
that the spectrum of the stagger-period impulse train
%(t,) is composed of a train of the infinite analogue
spectra which are displaced at frequency intervals of

(13)

iSs a modulation
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1/T,, and are individually modulated in amplitude
and phase.

In the case of a uniform-period train, its spectrum
is composed of infinite replicas of its analogue
spectrum, which are displaced at intervals of the
sampling frequency F,.[7]. Since these replicas have
exactly the same shape as the analogue spectrum, and
their phases are unmodulated; it is possible to
reconstruct the original analogue signal. However, in
the case of a staggered train, its spectrum is
composed of the infinite N, modulated analogue
spectra within an average sampling frequency F, i.e.
N, times crowding relatively to the uniform-period
spectrum, so the spectrum is always in overlapping.
Thus it is infeasible to reconstruct the original signal
from the staggered spectrum. From the staggered
spectrum (13), we can analyze that within one
spectral period By=}K;/T., there are }K; spectral
lobes with the different shapes to be displaced at the
equal interval F,/N,. With m=0, the spectral lobe is
the highest, called main lobe; the other lobes with
m=0 are modulated, of lower height, and called
fence-lobes.

Fig. 2 shows partial magnitude spectra | X;(f)| of a
staggered sequence {Sinc(mB,t,)}, n=12,..., in
terms of (9), denoted by the dotted and the dashed
curves; as well as the spectrum of its analogue signal,
X°(f), denoted by the solid curve,. The spectrum
X°(f) is rectangular, and its bandwidth is B,,=7.5Hz,
its spectral center is at OHz, and its height is 4. Two
spectra of the staggered sequence with two lengths
N, =45 and 9, respectively, average sampling
frequency F, = 30Hz. In the case of N,=9, these
spectral lobes appear off rectangles; in the case
of N,,=45, these spectral lobes approach to rectangles.
Within a staggered spectral period( B = 840H,),
there are totally 84 spectral lobes; here only six of
them are shown, the two spectral lobes at f =0Hz are
the highest. When N, is increasing, the Gibbs
oscillation will tend to disappear, i.e. the spectral jags
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of each lobe will be smoothed out.
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Fig.2 Spectrum of a Sinc sequence with stagger
periods

In order to compare the staggered spectra in Fig.2,
Fig. 3 shows two magnitude spectra |X,(f)| of a
uniform-period sequence {Sinc(wB,nT)}, n=1,2,...,
in terms of common uniform-period Fourier
transform[9], as well as its analogue spectrum X°(f);
the formers are with two lengths N, =45 and 9,
denoted by the dotted and dashed curves,
respectively, and the latter, by the solid curve. Well-
known, when N,, — oo, the spectrum X, (f) involves
replicas of its analogue spectrum, displaced at an
interval of the sampling frequency F,.=30Hz, each of
its repeat spectra have exactly the same shape of
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Fig.3 Spectrum of a Sinc sequence with uniform
periods
X°(f), and only one spectrum stands up within one
spectral period, i.e. sampling frequency width 30Hz.
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Thus, we can reconstruct the analogue signal from
the uniform-period spectrum.

In fact, the correlations between the staggered
samplings change in a little mess from those between
uniform-period samplings; the spectrum of the
staggered Fourier transform (9) is a little complex
but it most validly represents relationship between all
the spectral components of a staggered sequence;
thus, number of its spectral lobes increase a lot and
the complex shapes are reasonable.

Assuming that a staggered deterministic sequence
{x(t,)} ne{0,£1,..}, meets (1) to (3), with the
transform pair of (9) and (10), we call the following
relation,

Bf/2

Siemen ()= [ X (PP

Parseval’s theorem of the staggered sequence. The

(14)

relation is similar to that Parseval’s theorem of a
uniform-period sequence[9].

Proof: Inserting (9) into the right-side of (14), we can
obtain that

1 (Bf/2 woo ® = i -
L B2 o0 X () T oo X" (b)) /2™ (Em=ta) (i f

By —Bg/2
=Y o lx(t)]? (in terms of (7))

This theorem indicates that in the case of stagger
periods, the total energy of a sequence is equal to the
integral of its energy spectrum density within a
spectral period. Thus, this relation also makes sense
in  physics. Reference[10] extended Parseval’s
relation from uniform-period case to nonuniform-
period case, the resulting relation is similar to the
uniform-period Parseval’s relation too. His definition
of the spectrum of a nonuniform-period sequence is
complicated, so the proof of the generalized

Paseval’s relation also is complicated.

4. Fourier analysis of a stagger-lag
Autocorrelation matrix

Assuming that a stagger-period stationary
sequence {x(t,)}, ne{0,*1, ...} meets (1) to (3) and
ergodicty, in terms of (4) and (9), we can obtain the
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power spectrum density (PSD) of the sequence of

length 2N,+1,

1 2y 1 Np Np
g EXan s (DR B S

T (tp, tyy)e J2m (tn=tm) (15)
With N, - oo, let N, be integer times of N, and

to=0, we can denote m =kN,+1, ke{—N,/
N¢,...,Ny/N¢}, 1€{0,...,N, —1}. In terms of the
circular period of {t,}, or the properties of (2) and
(6), the right-side of (15) become

1 z:Np ZNp/Nt Ng—1
2Np+1“n==Np “k=—Np/N; ==

T(tn—kn,  t1)
e~ I2nf (tn—tn,—tD)

When N, > o, {t,_in,}

along {t,}; since ke{—oo,...,00}, t,_y, Can be

is displaced by kT,

denoted by t,,, ne{—oo, ..., ©}. Thus, we define PSD
of the {x (t,)} or Fourier transform of its
autocorrelation matrix as
s 2Ny /Ne+1
Sp(F=Imy e =0

e—J2mf(tn—t1)

N Ne—1
Zni—Np 1=t() r(tnttl)

1 - ’
:N_Z?IO=—00 ivztolr(tn, tl) e‘JZ”f(tn—tz)
t

fel—Br/2,B;/2] (16)
where By=1/z. This definition indicates the relatively
powers of different frequency components, and
Sp(f) has real, nonnegative values. With the same
way as the spectral period of (9) is proved, we can
verify that By still is the spectral period of the PSD in
(16). Because of the circular Toeplitz property (6) of
the autocorrelation matrix, the definition (16) using
only the N, column elements is reasonable. Fourier
transform of the Ith column of the stagger-lag
autocorrelation matrix forms a sub-PSD of the
column, i.e.

sz(f)=2¥°f’=—oor(tn' t) e~ J2mf (tn=tt)
lefo,...,N. — 1}  (17)
This sub-PSD is only based on the r(t,t;) of
observation time t;, and cannot guarantee to be
positive values at all the frequencies.
We define the inverse of Fourier transform (16) of
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a staggered autocorrelation matrix as

_N¢ (Bf/2 i -
r(tn t)=5 2417, Spu(F)er2 = t0df

ne{0,+1, ...}, le{0, ..., N, — 1} (18)
where Sy, (f) results from (17). We also call (18)
spectral decomposition of the stagger-lag auto-
correlation matrix. For simplicity, the staggered
Fourier transform pair (16) and (18) can have another
version,
Sp(N=2iky " Spr(f)

=Y NS Tty ty) €S2 ()

fel=B¢/2,B¢/2]  (19)
7ty tz)=B—1f L2407 Sy (e @n=toag
nef0,+1,...}, le{0,...,N, — 1}  (20)

In the case of a stagger-period sequence, contiguous
N, columns of an autocorrelation matrix involve all
information of the matrix, the inverse Fourier
transform of the stagger-lag autocorrelation matrix
can represent as N, dimensions. However, in the case
of a uniform-period sequence, only one column of an
autocorrelation matrix involves all information of the
matrix, the Fourier transform pair of the uniform-lag
autocorrelation sequence[9] is the special case of (19)
and (20) with N, = 1. Conventionally, the inverse
Fourier transform (20) can be called Weinner-
Khimchin equation of the staggered sequence. For
validity of the pair (19) and (20), their inverses of
each other need to be verified. Inserting the sub-PSD
of (17) into the right-side of (20), we obtain that

Bi ffgf//zz YO o1t t) e 2 e t)- =t g f
1

=Dhe—oo T (tk, 0) 8¢ (tr — i)

=1t 1)
The Fourier transform (19) of the stagger-lag auto-
correlation matrix has an expression similar to (9) of
the staggered sequence. Thus, the convergence
condition of the transform (19) is also absolute
summable and easy to be derived, i.e.

Ty oo |7 (s 1) <00 (21)
This convergence condition is sufficient but not

(in terms of (7))

ISSN: 2456-6055



[JRDO

necessary as that of Fourier transform of uniform-
lag auto-correlation sequence[9].

Assume that a triangular autocorrelation matrix
with stagger lags, r(t,,, t;), is

1= |tn —t,|/T;

t,—t| <T,
(et bl =T

|tn - tll >T;
n, le{0, +1, ...} (23)
where T is a half of bottom time width of the
triangle. Fig.4 shows the sequence of r(t,, t;) with
reference time t; = 0, and its parameters: the stagger
code, circular period T,, average sampling frequency

_ 1] KIKaK3=235 Tesdms Fa=3/diHz
= 1 Analogue
03 Sequence \ ; /
0.6 :
0.4 .
0.2 |l |
0 T l'l- T T T 1 1 1 I.r.'l
-12 -2 -4 0 4 B 12
tn-tl {ms)
Fig. 4 A stagger-lag triangular autocorrelation
sequence

F,. The dotted curve represents the analogue auto-
correlation function; the bar lines represent the
stagger-lag autocorrelation sequence.

Fig.5 shows Fourier transform (PSD) of the
stagger-lag autocorrelation matrix of (23) 1e{0,1,2},
with different lengths N, = 8 and 4. Because of
circular Toeplitz, the spectral period By is 2.5kHz.
For each spectrum, there is ten spectral lobes within
one By: the main lobe is the highest at OHz and the
other nine fence-lobes are lower, the lowest one is at
1.25kHz. The two PSDs are symmetric about the mid
frequency point 1.25kHz. When N, is enough large
to make r(th,tl) =0, e.g., N,=8, all values of the
PSD S,(f) are positive reals; otherwise, e.g. when
small N, =4, values of the calculated S,(f) are
negative at some frequencies. In fact, when length of
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an auto-correlation sequence is cut short enough, the
autocorrelation may not represent the auto-
correlation of a practical sequence, so negative

g A E1IEZE3=235 Te=ims Br=23kH:z

-1

o D.I.?S 05075 1 12515175 2 23525

f (kHz)
Fig.5 PSDs of a stagger-lag triangular
autocorrelation matrix

values of the power spectrum appear at some
frequencies. In Fourier analysis of uniform-period
sequences, such PSD behaviour also occurs if length
of an autocorrelation sequence is incomplete.

Fig.6 shows PSDs of a uniform-lag triangular
autocorrelation with different lengths N,=8 and 4,
the autocorrelation sequence is

1= nT|/T,

T.| <T
r(nTr):{O InTy| < T;

[nT,.| > T,

nef0, +1, ...+ N, } (24)
where T, is the uniformly sampling period. We
selected T,=T./N; and the analogue autocorrelation
function are the same as in Fig.4. in Fig.6, the solid
curve represents the PSD of N,=8, and the dashed
curve, N,=4. In comparison of Fig.5 to Fig.6, we can
see that the PSDs of the triangular autocorrelations
with stagger lags and uniform lags are close within [-
375, 375] Hz, the region is a spectral period of the
uniform-lag DSP, the main lobes should be the
squared Sinc function if without overlapping; the two
spectra may be very different outside [-375,375] Hz,
the stagger-lag fence-lobes overlap very much and
relatively high; those uniform-lag lobes overlap
slightly and almost no fence-lobe with N,,=8, but the
repeat spectral lobes are as strong as its main lobe.
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Tr=4/3 ms
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0 025 05075 1

125 15 175
f(kHz)

Fig.6 PSDs of a uniform-lag triangular
Autocorrelation sequence

2 225 15

5. Applications of stagger-period Fourier
analyses

In a modern radars, Doppler frequencies of
receiving echoes are very high because the
aircraft/target velocity is very high. If we have to
select the high PRF(pulse repeat frequency) with
uniform-period transmission, the range to observe
the targets decrease largely. As pointed out in the
section 3, the spectral period B of a stagger-period
sequence is extended much relatively to the
spectrum of a uniform-period sequence. With this
principle, stagger-period transmission of a Doppler
radar can efficiently eliminate such range-velocity
ambiguity. The staggered spectrum estimation (9) is
recommended for searching the best stagger periods
for the optimal radar target detection.

With the Newman Pearson Criterion, the optimum
weights of staggered FIR filters are a solution of a
linear system of the complex equations. Assume that
filter weights are {h;(t,)}, n=1,..., Ng, N is a
number of coherent echo samplings, I=1,..., N,,, N,,
is a number of filters in a bank. At first, we need a
given staggered covariance matrix of the clutters
plus noise and a given staggered target signal vector
which is averages of an aircraft echoes over all

Doppler frequencies; they should be prior knowledge.
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This algorithm is called the Match Algorithm which
enable the S/N improvement factor to be maximum,
as that factor obtained with the uniform PRF optimal
algorithm. After a pulse train is filtered for N,, sliding
windows, outputs of these filters are summed and the
filtering system forms a relatively flat frequency
response over the Doppler frequency region. This
response is called a velocity response of the
staggered MTI (moving target indicator) filters. It
can be calculated by
AR NALAG]
where H;(f) is the frequency response of the Ith MTI
filter, f is Doppler frequency of a target; H;(f) can
be calculated in terms of (9), replacing x(t,) with
h;(t,,). For the optimal Doppler target detection,
V.(f) is requested to be a flat response. So
nonflatness of the velocity response is defined as
Dy=mayep, (Vi ()} — minye, (1)}

where B,, is passband region of the velocity response
as the staggered spectral period By described in the
section 3. Different stagger codes {K;:Kj:...Ky_}
result in different {H;(f)} and different {D,}. The
less the D,,, the flatter the V. (f). The optimal stagger
code can be solved with the following discrete
nonlinear mathematical programming

min D, (K;: Ky: ... Ky)

K1, K;, ... Ky, prime to each other

4 max;{K;} / min;{K;} < R,
}iEﬁE1Ki>1%

(25)

where R, is a given stagger ratio, and Ry is a given
extension factor of blind speed, equal to a ratio of the
staggered spectral period to the uniformed spectral
period, see the section 3. When several heuristic
strategies are incorporated, the mathematical
programming can be efficiently solved. For example,
the search frequency region B, is not selected as the
entire staggered spectral period, but rather a part of
the period, i.e. where the Doppler targets often
happen, we call the frequency region the passhand
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region B, . Based on spectral parameters of the
terrain clutter: power, center and bandwidth, we
selected the common clutter spectral model,
Gaussian spectrum[11], and calculated out N,
optimum filters, then the stagger code can be
searched out with (25).

Fig.7 shows velocity responses of two banks of
MTI filters with the same R.(1.2) and very close Ry
(27.6 and 27.4) and two searched stagger codes. The
two sets of MTI filtering weights match different
stagger codes respectively and both are optimum to
suppress the given terrain clutter; but the nonflatness
of their velocity responses are much different: D,
with the stagger code (25,29,26, 28,30) is 16.3 dB,
the best code, and D, with the stagger code
(25,26,29,30,27) is 25.7 dB, the worst code. After
obtained the best code and given average sampling
frequency, following the section 2, we can calculate
the best corresponding stagger periods.

Velocity responses with different stagger
codes

Best code: 25,29,26,28,30
--------- Worst code: 25,26,29,30,27

-60

] I T - T
ffFr
Fig.7 Comparison of the best to the worst

velocity responses

Another application of the stagger-period Fourier
analysis is regarding  spectrum  estimation.
Reference[12] proposed a uniform-period method of
autocorrelation spectral density to produce the
unbiased estimates with phase information, and was
going to start the same estimation under the stagger-
period condition. Here one of our great examples is a
staggered LP(linear prediction) spectrum estimation.
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Given that #(t,,t;) is an autocorrelation matrix
estimate of a circularly staggered stationary sequence;
we selected the sampling number N,, = 5, the stagger
code is (25,29,26,28,30) and average sampling
frequency F, = 360Hz; with (1) to (3), we calculated
out that the corresponding stagger periods are [2.516,
2.919, 2.617, 2.818, 3.019] ms. Furthermore, assume
that {h(t,)}, ne{1,2, ... N,, — 1} are estimates of one-
step backward prediction coefficients of the sequence,

then {h(t,)} are solved by the following Yule-

Walker equation with stagger periods,
Np—1

Y0 h(t) Pt t)= (6, ty) 1e{1,2,..N, — 1}
The staggered LP spectrum estimate at observation
time ¢t is defined as

Sep(fito) =

a(to)

21430 Py Altn)exp[—j2nf (tn—to)]1?
where a(t,) is the prediction error power at time t,.
The LP estimation is a nonlinear and parametric
method. In order to evaluate the performance, we
also calculated spectral estimates of the same clutter
echoes with uniform periods, which use the average
sampling period 2.778 ms as the uniformly sampling
period.

Fig.8 shows two spectra of the stagger-period and
the uniform-period LP estimations, as well as the
spectrum of the tested analogue process. The dashed
curve represents the stagger-period estimates, and the
dotted curve, the uniform-period estimates, and the
solid curve, spectrum of the tested analogue process,.
The analogue process was selected as a bimodal
Gaussian clutter echo[11], which involves a terrain
clutter and a weather former’s
parameters are  power/noise=60dB,  spectral
center=72Hz and standard variance=7.2Hz, and the
latter’s parameters are power/noise=40dB, spectral
center=144Hz and standard variance=14.4Hz. In
Fig.8, the X axis represents the normalized frequency
f/F, F; is the uniformly sampling frequency, it was
selected to be equal to the average sampling

(26)

clutter; the
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frequency F, of the staggered echoes; the Y axis

represents the normalized power spectrum,
10
5 Fr=Fa=360Hz
—_ Analogue E
B-10 - — _ _ Stagomer-period
o | E3  eeeeanaas Uniform-period :
%-ZD .
30 1 ERY
40 -
-50 e
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0 02 04 06 08 1 12 14
ffFr

Fig.8 Comparison of a stagger-period to uniform-
period spectrum estimations

Sip(f, to)IPp, Py is the maximum of S;»(f,t,). We
can see that the estimates with the stagger periods
and uniform periods are almost the same within
region O~F,, the fitness of the two estimations to the
analogue spectrum is good although these estimated
lobes show the split peaks; however, the stagger-
period estimates are completely different from the
uniform-period those with f>F,, the uniform-period
estimation shows a spectral replica in every F, region
but the stagger-period estimation does not. The
stagger-period estimation behaves with a great
advantage: it is able to restrain ambiguity of repeat
spectra caused by the uniform-period estimation.
Additionally, this staggered estimation behaves with
close spectrum fitness, high bimodal resolution with
a short sequence(N,=5); but it shows possible peak-
bias due to spectrum split, and large computation
load and word length are required. The stagger-
period estimation is applicable to spectrum
estimations which require high resolution, especially
to off-line spectral analysis.

Based on the staggered Furious analyses in this
paper, we are going to study stagger-period, optimal
FIR, IR and lattice filters, and to enable them to
behave as under the uniform-period condition.
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6. Summarization

This paper has comprehensively described the
Fourier analyses for the staggered sequences and the
staggered autocorrelation matrixes. The creative
work is based on the successes of the existing
Fourier analyses for uniform-period sequences. The
main work of this paper is the proposed two Fourier
transform pairs for both the stagger-period sequence
and the stagger-lag autocorrelation matrix, and the
verified inverses of each other. At first, this paper
defines the new concepts related to the transform
pairs, such as the time-domain orthogonality of the
staggered complex exponential sequence and the
Toeplitz property of the circularly staggered auto-
correlation matrix, etc. In the case of a uniform-
period sequence, its spectrum and PSD are exactly
the same as those of its original analogue signal
respectively so long as the spectral overlap does not
occur. Unlike the spectrum of a uniform-period
sequence, the stagger-period spectrum forms
modulated-differently spectral lobes; the number of
these lobes increases by N, multiples within an
average sampling frequency, i.e. N, times crowding
relatively to the uniform-period spectrum; so these
spectral lobes always overlap. The more the
staggered period number of a sequence, the wider its
extended spectral period, than the uniform-period
case. This property does not make sense for restoring
the original signal from the staggered spectrum;
however, the staggered Fourier analysis expressions
truly represent relationship between all the spectral
components of a staggered sequence because the
sampling periods in the analytic expressions match
the irregularly staggered periods of a sequence.
Furthermore, based on this paper’s analyses, the
staggered spectrum shows a great effect of periodic
extension, Y K;/ N,  multiples of the average
sampling frequency, so it is helpful to eliminate the
range-velocity ambiguity of a Doppler radar echoes
and to restrain the spectrum repeat of the
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uniform-period spectrum estimation.

These expressions of Fourier analyses are
relatively simple and similar to those counterparts of
uniform-period analyses. This is a major difference
between our results and the other paper’s results. The
methodology of this unique study is 1) to convert
general stagger periods of a sequence into circularly
stagger periods; 2) to use the uniform-period theories
for creating Fourier analyses of the circularly
staggered sequences, in the case of N, =1, the
expressions of the staggered Fourier analyses in this
paper are the same as those with uniform periods; 3)
to make the highest common divisor of the stagger
periods for simplifying analytic expressions; 4) to
properly select the number of the stagger periods and
stagger code so that the analyses can be used for
various, specific practices. These staggered analytic
expressions are relatively simple and consistent with
those common uniform-period expressions. Although
the analyses in this paper requires the stagger code to
meet (2) and (3), we can find such a code or an
approximate code in practical applications.

The future work on the Fourier analysis with
stagger periods can be their practical applications in
signal processing systems, such as implemented
structures of the FIR and IIR and lattice filtering for

the stagger-period sequences, the spectrum
estimation with stagger periods, and their
performance evaluations.
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