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1 Introduction

Inequalities play important roles in the teaching of the college course Mathematical Analysis. In recent
years many integral inequalities for continuous and discontinuous functions have been established, which
provide handy tools for deriving bounds for solutions of integral and differential equations [see 1-15]. In
the investigations for integral inequalities, the idea of generalizing known integral inequalities have gained
extensive attention.

In [16], Pachpatte established the following integral inequality

(N)
(@) : u(z,y) < k:+/ / a(x,y, s, t)u(s,t) dtds+/ / b(x,y, s, t)u(s,t)dtds,
(o) /B(yo) (z0) /B(vo)

where u(z,y) is unknown function and u(z,y) € C(A,Ry), A = I} x Iz, I} = [z, M], Iz = [yo, N],
E= {(x,y,s,t) €A% ro<s<awx<M, yp<t<y< N}v a, be C(EaRJr) and a(x7y787t)ﬂ b(;v,y,s,t)
are nondecreasing in x and y for each s € I, t € I, o € CY(I1, 1), B € C(I2, I) are nondecreasing with
a(z) <z on I and B(y) <y on Is.

Recently, in [17, Theorem 3.1], the author presented the following Volterra-Fredholm type integral
inequality that generalized the inequality (a).

o@) B) .
) ulz,y) < b+ / / s, Dw(u(s, 1)) + /a N /B €l €))dedrinds

/a » / [ ne e [ f () 2 ) (u(, €))dedrduds,

where u(x,y) is unknown function and u(z,y), f(z,y), o1(z,y), o2(x,y) € C(A,R4), A, «, [ are the
same as in (a).

Based on the two inequalities, some bounds for solutions of certain Volterra-Fredholm equations are
derived. More details about them can be referred to read the corresponding references [16, 17].
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In this paper, we will establish a new integral inequality with two independent variables for discon-
tinuous functions which is more generalized than the inequalities mentioned above. In order to illustrate
the validity of the derived result, we will present one application for it, and will derive new bounds for
solutions of certain integral equations by use of the established inequality.

2 Main Results

In the rest of the paper, we denote the set of real numbers as R, and Ry = [0, 00). T , I denote intervals
in R, and I= [0, 4], I= [yo, B] respectively, where A > 9, B > yg are two fixed numbers.

Theorem 1 Define I = [0, A], I = [yo, B]. Suppose u(x,y) is a nonnegative continuous function
on @ = U Qy, Q; = {(z,y)|zic1 <z < 25, yj—1 <y < y;} with the exception in the points
3,521

(zi,9i), © = 1,2,...,n, where there are finite jumps, and z¢p < 1 < ... < Ty, < Tpy1 = A4, Yo < n1

. < Yn < Ynt1 = B. @(z,y) is a positive nondecreasing function, that is, for V (m Y), ( Y)
and z < X, y <Y it follows o(z,y) < (X,Y). Furthermore, suppose ql( y) > 1= 1,2,
fis 9ir hi GC(IXI R+) andfz(‘f y)—O gz($ y)—O i=1,2 for ($ y)EQ Lz#] Tl( ) 1(
with 71 (z) < z, and 7(z) > z; for Vo € (2;,241], i = 0,1,...,n. 7(y) € C*(I,I) with m»(y) < y, an
7(y) > y; for Yy € (yi, yit1], i =0,1,...,n. 71, T2 are nondecreasing.

If for (z,y) € Qit1,i+1, ¢ =0,1,...,n, u(x,y) satisfies the following inequality

).A{Q/\

S
3,
1,

;Lb

W (w,y) < p(w,y)+ar (@) [20) [P (s wuls, 0)401(58) [ o) S o) P& mw(u(€, n))dedn]dsdt
+a2(, y) f;z(;%; S (s, (s, 1) + g1(s, 1) fm(yo)f ) (& mw(u(€, n))dedn)dsd
+5(1,9) g Je 125, D5, 1) + a5, )y Iy a(6) e, m)dedndsdt

+qa(m,y) [2 [ [fals, hw(uls, 1) + ga(s, ) [o [ ha(&, mw(u(§, n))dédn]dsdt

+ > BJU( €Ly O,yj—()), (1)
o <z; <x,Yyo<yY; <y

then

() < (G HGWNi . yin)) + 70 76 B Holiots, Dats, ) Flasat

LT S 91050 [ Fo ¢(<§’§))w[< (& (€, m)  dedndsr
2 L2 s, 005,009 + ga(s,0) [, 12, 22 E Ml mhate, m) el o, (e, )}

% (p o (p
holds for (z,y) € Qit1,41, i =0,1...,n, (2)
where
Giv) = [*—L —ds, i=0,1,...,n, (3)
A= o
Hi(t) = Gi(2t —1;) — G4(1), (4)

and H; are nondecreasing ont >1;, 1 =0,1,...,n,
1
lp =1, l< =i+ Bilp(xi—0,y;—0)q(z; —0,y; —0)vi]», i
) G T2(yi) T1(24) f1(87t) 5 dsd
%— i 1{ i—1(Ni—1(i, yi) +f f w((p(s,t)q(s,t))r]dsdt

m2(yi-1) ITi(@ic1) (s, t)
L I s t) [ S = Zj((é ’,;7)) Wl(p(€,ma(€.m)v]ddndsdt
S [{;@;tgww, Da(s, )71+ 92(5.0) [, [7, "2 EMal(i€ male m) P deanldsat}.
i=1,2,....n, (6)

3=

Niala,y) = (R oo IS (s, 0g(s,)

oY |dsdt
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P& ) (o€, (€, ) Jdedndsdt

+f7'T22y -1) f;l(gll)gl(s,t) f;(yo) fs o) (f n)
Boto el (s, 0a(s, 0)7 ]+ a(s,1) J, S, " EB (€ mate,m) P dsclnldsar)
M

y x
+ fyifl fxifl[(p($7t)
1=1,2,....,n+ 1.

(&) (e, m))dedn)dsdt

Proof: Define
1) (s, 1) + gu (s, 1) Frato) o) o(&n)
n

vi(z,y) = I; +f72((yy))f ((x o (s, 1)
T2(Yi +1 s,t h ,
L2 [ us,)) 4+ 91(518) [0 [y " (€, m) gl

;2T ue, m))dedndsar

f2<5:t>w<u<s,t>>+92 (:0) 2y e
4 [ fi[fQ(s’t))w(u(s ) + g2(s,1) f f;o };2(5’ >) (u(&,m))dEdn|dsdt, i =0,1,...,n.
Let q(z,y) = max{q(x,y), ¢ = 1,2,3,4} and v(z,y) = m, then obviously ¢(z,y) >

Considering ¢(z,y) is nondecreasing, then from (1) we can easily deduce

MMl ) dednldsa

(u(§,m))dEdn]dsdt

1.

oay) < 1 [0 7wt ) & 91(5.0) [0 [ o) 120
+f;2<(§ff>)f§(£>[£((j’f)) (u(5:6)) + 91(5:8) J1,0) S (o) 90(( ))
00 LS s, ) + 0260 1, [, 22 E Bt ) deandsa

o 12l8n) (¢, )]st

S | {jj:f)) (uls, 1)) + g2(s,t) [, [ o(€1)
boX Aeue0,u-0) (8)
Case 1: If (Jf‘,yj € dn considering [y = 1, then from (8) it follows
o) < o+ J2) [T w(u(s,0) + 01050 [y iy BEM (e, )]s

70 [ (D u6,0) 0105 0) L g S ) 2, )]s

0 LS s, 0) + a0 I, 13, 22 Bt ) dedn)dss

o LS s ) ket f, 2, 22t ) deadst = Tofe, ) 0

Given a fixed X € (g, 1] and x € (z¢, X], then
(10)

v(z,y) < Vo(z,y) < 0o(X,y),
and

BT s, 7)) (5, 0) S Iy "E D ot )]s

(00(X,v))y, —7'2 {fTTlle) o5, 72(y)) ) )
+me LU (s, ) + g (s,) 3 [, 228 n))ujw( )ddids
L) flj;ﬁ(y}fw[( (5:72(0))a(s. () (o5, 72(9)F s}
UL 91050 ST Sy T A€ M€ 1) (&) ldednds)
X fa(s,9) 1ds
[ Lol ats, 1) (0(5.9)) 1 |

+J;O 25,9) [ 12, 2SIl mha(, ) (ol m)) P dcnds

OU7C) Bl o, maw)a(s. o)) ol (005, ma(w)))F s}

m1(z0) (s, T2(y

Sl
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Jw[(v(€, 7)) ) dednds)

3 =

{f;;(x> (s,72(y ))fm (v0) fn(mo ]2((56 n))w[(w(ﬁ,n)Q(f,n))
+fj§{j((§§)> (ol p)als,) l(0(5,) )

+f;§ a2(5,9) [ 12, 22 E Mt mhate, m) Pl (o€, ) Pl
{f“x ) L1 (s, ). 2(0)) Pl B, 7o) P

(s 7'2(
) iy HE ol a6 )P ol )7 s}

&3

B =

+i(y {f;;“) a(y) [

I (oo, ats, ) Pl o5, ) s

+fj§g2 D) i 13, ol mal, m) Pl lGo(é, m) P ldednds
OU7C) Bl maw)as Tz( )P ldshol((@o(m (X), 2 (w) )

Loy o) fmé%))fﬁ(zo o6, (e n)) P ddnds ol To(m (), 2(9)

U Lol y)a(s, ) Plds)l @G0(X, )7

U g0l S 13, 228Dl e, mhate,m) skl (To((X, )

<7(y {f;ﬁf Dl (s, ) (s, 7(0)) P dsJl(Fol(X, )

D gu(s, maly)) ST yo)fﬁ(xo (o€, male,n) P ddnds )l Go(X. )
+{ [ Ly }ww(s ¥)a(s,9))?lds}l(Fo(X, y))

3 =

B =

]

A

]

0 p(s,y
LS 92090 S 13, PE Bl ol mhalen) P dnds Yol T (X, ) ), (1)
that is,
(@ (X,y)), n (%) fus ) s or Lo
e < T B et m e ) Pl

3y {fﬁ( ) 1(5, 72y fm@o)fﬂ(m Il p(e,mhate, m) P decnds))

+ LM (5, p)a(s,0) P+ gnls.y f;g [, "2 Mol myale,n)) Fddnyds. (12
An integration for (12) with respect to y from yg to y yields

Golto(X, )] — Golto(X, y0)]
< S fT:l((xf)){];((;’f))”[(‘P(S D)a(s, ) 1+1(5:) [ 50) S5 (o)

t ha(
0 PRED s, 000,007 + a0 [, [, 22
Since Gy is nondecreasing, it follows

ha (&,
©(&m
wl(

A

3=

—
7\
/\

3 =

‘(&) #]dédn}dsdt

@(&,m)q(&,m))7|ddn}dsdt,

S =

(X, ) < G {Goldo(X, o)) + J70) (7105 DDl a5, )P asat

S
T2 ( T1(X) s h 1
+ [ [P G (5,8) [ S ) ;(% n))W[(w(f,n)q(f n)v)dédndsdt
1

+ [ gL t;w[(so(s,t)q( )7 1+2(5.0) [, [, 2EI (6 mate, ) Pdenldsary. (13)
Considering (13) holds for Yy € (yo, 1], then combining (9) and (13) we have

T2(yo)

200(X, yo) — lo = Bo(X, y1) < Gy {Go[to(X, m0)] + fTQ ) fn((X) MW[W(S@Q(S@)%]“@
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+fT2z%1) I ((a: 91(s,1) fm(yo) f:l(g;o) }2(%777))“[( (&, maq(&, ))%]didﬁdb’dt

I IS el Dato. 0) gt 0) [, 15, "2 Bal(ol6. mate. )P dsdnldsary, (14

that is, "D = e
Gol20(X. ) — Io] — Golto (X)) < [70) 70 BELaf(is,t0a(s. 1)) st
T PO 0 t) oy S ) M. (o (6, (e, ) dgdndsa
o ALl 00t 0) a0 T, 12, TSRl (ol malé m)Fdednasat, (15)

Since ﬁo( t) = G0(2t —1ly) — éo(t), and Ho( ) is nondecreasing on t > [y, considering vo(X,y0) > 1, then
we have

o, w0) < B (70 S0 el (e gt ) asar

S o) 910549 e o M| (olé, malé, ) dedndsat

)
b LD o, 00t 0)7) + aato, 0 I, 2, 2Dl (e myate, m)? dcandsde)
= No(X, ). (16)

Combining (10), (13) and (16) we obtain

o(z,y) < To(X,y) < Gy {Go(No(X,m)) + [2) [ X

m2(yo) J71 960 (s
m(X) s m(&n)
+ I (yo)f1l(zo 91(5:1) Jra0) fn(xo) o6y wleEn
Yy fQ(S t) s hg(
40 LA ot s, )P anto 0 I, [, 22
Since (17) holds for x € (zg, X], setting z = X in (17), it follows

Dot (s, 0) s
q(€,m))¥]dedndsd
77

w[((&ma(€;m))

LA

|d¢dn]dsdt}.  (17)

WX, ) < T(X,y) < Gy HGo(NolX ) + JZU) 70 B Lultos, (s, 0) asar
2 T1 t s h 1
+ /., yo)fl(xf) ) S (o) I (o) 1((5577)) [(p(&,m)a(&;m))P]dEdndsdt
+ 0 XD, 00,0 oa(s,0) [ 12, 2 E M (ol mhate, m) Pidecndsde). (13)

Considering X is selected from (zg,x;] arbitrarily, substituting X with =, and we obtain

oly) < Tl y) < Gy {GolNota, ) + [0 70 L Hl(o(s, ats, )P dsat

f7'2(y0) f?((zxo sz(yo) S hl((f 7;7)) (&, m)a(€,m)) 7)dédndsd

I 0 ﬁ((s,t}w[«o(s,t)q( ) 1 +ga(s,8) Jy, 7, "HE M wl(p(6 ma(,n) P dgdndsde). (19

So

(1) < G {Go(No(ar, ) + [20) 76 LEH (o5, Da(s. ) F1dsa

S
+ff;§ﬁ f:ll((;ol)) 91(s, t) f;(yo) f:l(a;o) 90((5’7;7))@( (€. m)a(€,n))¥)dEdndsdt

o LB w5, a5, 00 ) a0 T, 1, "SRl (ol6 ma(e m)dgdnlasdt) =

~1, and then
1
u(ry — 0,91 — 0) = [p(x1 — 0,y1 — 0)q(z1 — 0,1 — 0)v(z1 — 0,51 — 0)]»
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_ 1
< [e(x1—0,y1 — 0)g(x1 — 0,y1 — 0)vo(w1 — 0,?1 —0)]»
< lp(x1 —0,y1 — 0)g(x1 — 0,y1 — 0)vo(z1,91)]?
<

)
)
< [p(z1 = 0,91 = 0)g(x1 — 0,51 — O)m]¥.
Case 2: If (z,y) € Qa2, then from (8) it follows

"d\»—n

) < 1 [0 [ . )) . 91(5.0) [y o) "ol ) dcln st
+f72(y2 fn (z) [f1(< tt))w(u( t)) + g1(s, t)f (o) f:1 hi (&, U)w(u(& n))dédn]dsdt

T2(y0) J71(20) (o) (&, )
4 LD, 0) + gt 0) 1y 15, "2E (e, m)dcanasa
2 s, ) + ga(.0) [, [, 26 Baute, ) dedndsdt + Bruter — 0,51 - 0)

m2(y1) fri(z1 S, t t s hy(&,
— 12 (20 R, 1)) 0105 0) [y S o) " (6 m)dgdnl st

+2 [ [ J;f((ss f)) (u(s, ) + ga(s. ) [, f;o’zjf ”)) (u(&, n))dédn]dsdt

SISt + 01000 P Yt s
t fTZZ((yyf)) fgffl)[ l(f,’f)w( (5:00) + 9159 [y oo 90((5 77)) (ulé,m))dEdn]dsdt
L fa(s,t)

)
) e i 13, 22 f (ul n)déd] s

2 s, ) + ga(.0) [, T, "2 Baute,m)dedndsdt + Bruter — 0,51 - 0)

= Go(ar, ) + [ [1 ) )[,1;1((;: ;))w( (5:8)) + 9105:1) [ 00y 2 ooy ’S((gn))w(u(g,n))dgdn}dsdt

) T D, )) + 9105 0) [y J o) " (6 m)ddnl st

I s, 0) + ga(.0) [, [, "2 M aute, ) deandsar

)
e (s, ) + 9ol ) [, I ’;“ B o(u(€, m)dgdnldsdt + Bru(er — 0,1 —0)

<+ Bilp(z 091—0) (z1 -0, y1—0)’y1]
fTQ yl)f’?((le) f1 fi(s,t) w(u(s,t)) + gi(s,t) sz(yo) f:;(:vo) mw(u(ﬁ,n))dédn]dsdt

s,1)
+ fﬁl(fl)[é(f f)) (u(s: 1) +91(5:8) L1, S oo f;((f,’%)w(u(&n>>dfd7ﬂd8df

0 2 w0 + ga(s.0) [}, f7, P2 E B w(ute, m)deandsat

\c,a

E )

Cols, D 0 (&, 1)
2 2 Do, ) + gatot) [, I, "2 E M ule, n)dedndsat
=1 T LT (s 0) + 0150 [l [ A ot ) denldsat
70 [ ) u5,0) 010500 L g S o) 22l )l asat
0 s, 0) + ga(.0) [, [, "2 (ue, m))denldsar
o g f}w(u(at»m (s.1) y, f;o’j;gfnf (e, ) dsat = (). (20)

We notice (20) is similar to (9) in structure. Then following in the same process as (10)-(19) we obtain

vlay) < Taley) < G7H(CaNa(e o)) + 70 I Lo Palte(s ats. ) asar

L2 7 91050 [y Sy Bl (ol matE )

LA

|d€dndsdt
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2 L ales, a5, )P 1 a5,0) f, 7, P28 M wl(o(€ (e m) P deddsat). (21)

Case 3: If (z,y) € Qj, the following inequality holds

o(wy) < Tir(o,y) < GG (N (o) + JZ0 ) 1760 BEDaf(ps, 0005, 1) st

1@im1) (s,
I L 91000 P Pt "I (olenae.n)
(

YTl 00l 00 g, 0 [, [, "2 al(ole, mhate,m) P denldsar). (22)

Then for (z,y) € Qit1,i+1, from (8) it follows

S

|d€dndsdt

v(z,y) <14+ sz fTTll(::o) [fl(s,t)w( (s,t)) + g1(s,t) sz(yO) fTsl (20) ]Zol((é?g))w(u(f,n))dﬁdn]dsdt

72(y0) (s, t)

L) T I (5, )) 9105 0) [y F o) " (6 m)dgdnl st

I L s, ) + gnts,0) 1, [, P2E s, m) s

e [ (s 0) + as,t) J) [, 28 tute, n)dgdnlasar
+ > Biu(z; —0,y; — 0)
zo<x;j<x,Yo<yY; <Y

=1+2 f:;(y%) fﬂ(‘r fl(s’tt))w( (5,t)) + g1(s,t) fm(y W }Zol((é’g))w(U(f,ﬁ))dﬁdﬁ]dsdt

~—|

I

w(

71 (@0) " (s,
2 [ ol f}w(u( 50) + ga(s,1) [, [, "2 wo(ute, m)dedndsat
S L A aus,)) + 91 (5:8) [ g oy Rl )l

+ fT2 viit) le ((S:tt))w( (s,1)) + g1(s,1) frz(yo) ffi(zo) f;((g?;]))w(u@’ n))dédn]dsdt

] fﬂﬁfjf D+ a0 1, 2, M2 E e, g dsc
e L2 (s,0) 4+ ga(5,8) 1 £, T2, ) s

o ¢(&,n)
+ > Bj ( —0,y; — 0)

ro<z;<z,Yyo<yY; <y

N—

i
g
»
~

< i + Bilp(xi — 0,y; —

g(xs — 0, — 0)i]7
4 g fﬂ(:c)[fl(s,t) (ul,1) + 9105, [y o }92((5:77) (u(€,n))dédn]dsdt

m(@:) < f) )
+fT2 Yit1) f 1(z) [ ((: tt))w( (5,t)) + g1(s,t) fTQ(yO) fjl(zo) }mw(u(&n))dgdmdsdt
)

L f((i,ff (s, 1)) + 92(5.0) J, [, 22 o(ute,m))decndsat

)

$0(p

N [‘E((;::))w(u(s,t))—i-gg (s,8) J1 [2 };2 57777; (€, n))dedy]dsdt

= b [0 S (s, 0) + 01(5:0) [ 1 o) S8 (e m)) s
L2 [ Do us,0) + 01 (55) ) L ’“(f;gf (ulg,m))dednldsds
Y L (s )+ ga(o0) [, [, 2B wo(u(e, ) deaniasat

o [t )+l 0) [}, 12, T2 Hatul,n)dgdnldsd = 5 ). (23)

S,
Then similar to (10)-(19) we obtain

lay) < Til9) < G HGUN o)) + 70 I TS ltets, ats, )P asat
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+ I e 9150 Ly fm I l(i€ mal€ m)Fdedndst

I8 S e, a5, )P +nls0) [}, 12, PSRl (ol malé m)Fdednlasdt. (24)

Considering u(z,y) = (v(z,y)p(z,y)q(z, y))P, then the proof is complete.

Corollary 2 Suppose u, ¢, w, T1, T, ¢, ¢ = 1,2, B;, 7 = 1,2,...,n, and f, g, h € C(fx f) If
for (z,y) € Qit1441, 1 =0,1,...,n, u(z,y) satisfies the following inequality

WP (@) < o(w,y) + ar(@,y) [20) [P F(s wuls, ) + 905, 8) [ ) o o) PEMw(ulE, n)dedn]dsdt

gl y) [0 [ (s, tw(uls, £) + 9(5,1) [2 0y S o) BE Mw(u(€, n))dEdn]dsdt
+ > Bju(z; —0,y;—0), (25)

o<z <x,Yyo<yY; <y

then
(e, ) < (GG i) + [2) 176 L l(o(s. ats, 1) st
[ f?{? ) Ly Fan) e ol(ol€. mhal€n))Pdcndsdtypla, y)ao. )
holds for (z,y) € Qit1,+1, i =0,1...,n, (26)

where

Gi(v) = [' ——ds, i=0,1,..,n,

~ _w(sr()

H;(t) = G;(2t — ;) — G;(t), and H; are nondecreasing on t > {;, i =0,1,...,n,
1

l():l l’—’yi—i-ﬂi[ ( —0,y; —0)q(z; Oyi—O)'yZ-]E, 1=1,2,...,n

T2 7 T1(X; ,t 1
= GG Wi (o)) + 7200 1760 L Dot gt )% dsd

_|_f:22(§ii) )j‘;l((;i)l)g(s,t) f;(yo fS (@0 Eg Z% [((&;ma(€,m))

)
Nii(ay) = H 1{1?(;? [ Leul(ets Hats, ) dsdt

S e X0 B KA A g Z% (€, ma(&,m)) P |dédndsdt}, i =1,2,....n+1.

If we take 71 (x) = x, 2(y) = y in Corollary 2 then we can obtain another corollary, which is left to
the readers.

Sl

|dédndsdt}, i=1,2,....,n,

Remark If we take ¢(x,y) = C > 0, and u(z,y) is continuous on €2, then Theorem 1 reduces to
[17, Theorem 3.1] with slight difference. Furthermore, if we take w(u) = u, then Corollary 2 reduces
Pachpatte’s result in [16].

3 Application

In this section, we will use the established inequality above to derive explicit bounds for certain integral
equation.

Consider the retarded Volterra-Fredholm integral equation with two independent variables of the
form

wP(w,y) = p(,y) + [ [0 Mils,tu(ri(s), 72(0), [ o Ni(&n,u(ra(€), 7a(n)))dédn]dsd
fxo Myl u(ri(5), 7 fyo fmo Na(€,m, u(ry (€), r2() e dsdt
+ > Biu(x;—0,y;—0), Y(z,y) € Ry, i =1,2,..,n+1 (27)

2o <T;<x,Yo<Y; <Y
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where u(x,y) is a continuous function on Q@ = |J Q;, Qi = {(z,9)|ric1 <z < 2, yj—1 <y < yj}
1,521
with the exception in the points (z;,y;), ¢« = 1,2,...,n, where there are finite jumps, and z¢p < z; <
< Ty < Tpr1 = A Yo < y1 < oo < Yn < Ypy1 = B. 7'1( ) € CYI,I) with 7i(z) < =, and
m(z) > x; for Vo € (x5, xi1], @ = 0,1,...,n. m(y) € CY(I,I) with 7(y) < y, and 7(y) > y; for
Yy € (Yi, yir1], @ =0,1,...,n. 71, T2 are strictly increasing.

Theorem 3: Assume u(z,y) is a solution of (27), and the following conditions satisfies

[p(z,y)| < C
|Mi(8,t,£L‘,y)| < f(s,t)|£l)|q +g(5¢t)|y|v 1=1,2
|Ni(s,t,z)| < h(s,t)|z]?, i=1,2
w(v) =04
where f(z,y), g(z,y), h(z,y) € C’(fx I,Ry) and f(z,y) = 0, g(z,y) = 0 for (z,y) € Qi;, i # j,
we€ C(Ry,Ry), q is a constant with 0 < ¢ < p, and C > 0 is a constant, then

(28)

) < e ) P (N i) 7 — 17 ISS“? S Fs tydsdt
e I %g >f iy I o) P& st} + 1,7 )75
holds for (m,y) € Qiy1,i+1, 1=0,1 (29)

where _
flst) = f(7 ‘1( )T (8), (s, 1) = g(r H(s), 7)), hlsit) = h(TTH(s), 7H(D),
Nioi(z,y) = H 1{0 L fs,tydsdt

fg(yz f:;(mxz 1)g )f;; fﬁ (z0) h(&,n)dédndsdt, i =1,2,....,n+1,

Hi(t) = G(2t—l) G(t),
Gi(v) = [ —L—ds, i=0,1,..,n,
b et
1
=1, li = i + BiCrn? i—1,2,..., n,
vi =G, 1{G1 1(Ni-1(zi,9i)) f;;?yy; f;;l(zzl)l)f(s t)dsdt

f:;yy; f:llgil)l)ﬁ(s,t) Lt oo S5 ooy & ) dEdndsdt, i =1,2, ...

Proof: From (27) and (28), for (z,y) € Q;;, i =1,2,...,n + 1 we have

[uP(z,y)| < |e(z,y)| + o f |Mis, t,u(11(s), T fyo fxo Ni(&,n,u(r1(), m2(n)))dEdn]|dsdt
+ [ S [Mals, t, u(mi(s fyo fmo 2(&,m,u(1(€), 2(n)))dédn] | dsdt
T 2 Bjlu(zj —0,y; — 0)]

2o <x;j<x,Yo<Y; <Y

< O+ fo [y IM[s 8 u(m(s), ma(), [y, [ Ni(6,m u(ra(€). ma(n))dédn]|dsdt

o L [Mafs, tu(ri(s), (1)), fy f3) Na(&,n, u(ra(€), m2(n)))dédn]|dsdt
+x0<x_<;j0<y_<y5j|1t($j = 0,y; = 0)]

=C+ Jﬁifsfo[fzsat>lu(ﬁ(s>mz(t))lq+g(s,t>|f Jo Nu(&m,u(m1(8), ma(n))dédn||dsdt
+ [0 2 (s B)ulm(s), ) + g(s, 0] [ [ Nu(& n,u(ri(8), 7a(n)))dEdn]]dsdt

+ > Bjlu(z; —0,y; — 0)|

20 <T;<T,Yo<Y; <Y
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< CH+ [0 o (s t)ul(ri(s), m2()]7 + g(s. ) fyo Jon B(E ) u(T1(8), 72(n))|9dEdn) dsdt
+ f ffo[f(s,t)IU(ﬁ(S),Tz(t))lq+9(8ﬂf)f Joo B(E M) [ul(T1(8), 72(n))|9dE dn) dsdt
+ > Bilu(zj — 0,y; — 0)]

2o <x;j<x,Yo<yY; <Y

= O+ [Y 2 [F(s. ) u(ri(s), ()| +g(s. ) [0 [ <A>,T;1<u>>|u<x,u)WdAdu]dsdt

+ L2 L (s )lulri(s), ()] + g(s, 1) [0 [ h(rr (), 757 (1)) [u(A, ) |“dAdp] dsdt
+ ) Bjlula; — 0,y; — 0)]
o<z <x,Yo<yY; <Y
= C+f yo)fl(:l‘o ’1)77-2_1(1/)”“(’17 I/)’q]dﬁdV
+ yo) fe),r;l(v) ) Sy sy PO ) 73 (1)) [u(N, )| 9dAdp dredy
+ [ fﬁ & fm—l(n)n; (W) |u(s, v)|7)drdv
+ S g (), 75 () Sy o ooy PO 73 ) [, o) |2 d ]l
+ > Bilu(z; —0,y; — 0)]

xo<$j<x,yo<yj <y

12<y0)f1(w0 Flsa ) ulr DT+ G5 0) [y 2 oy B (A, ] 9dAdp]dred

[0 [ e ) e, )17+ G, 0) [y 17 oy BOS ) |aON )| 7d Al

+ > Bjlu(zj —0,y; — 0)]
x0<m3<x,yo<yj<y
=C+ f (%) fl(xo Jw(lu(s, t)]) +g(s,t) fTQ (v0) I (z0) (&, m)w(|u(€, n)|)dEdn)dsdt
+f”yyg) fn o) f(s,t)w(\u(s,t)\) +g(s,t) fm(yo S ) h(&,m)w(|u(E,n)|)dedy)dsdt
+ > Bilu(z; —0,y; —0)|. (30)

To<T;<Z,Yyo<Y; <y
On the other hand, we can easily deduce that H;(t) are nondecreasing on ¢t > [;, i = 0,1, ...,n. Moreover

. v p—q
Gi(v):/ L ogs— P W5,

i=0,1,..,n, (31)

then after a suitable application of (31) and Theorem 1 we obtain the desired result.

4 Conclusions

In this paper, we have established a new generalized integral inequality with two independent variables for
discontinuous functions. From the presented example one can see the established inequality is powerful
in deriving explicit bounds for solutions of certain integral equations.
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