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Abstract: We introduce a new approach for solving fractional partial differential equations, where the
fractional derivative is defined in the sense of the conformable fractional derivative. As for applications
of this approach, we apply it to seek exact solutions for the space-time fractional BBM equation
successfully.
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1 Introduction

In the teaching of the college course Mathematical Physics Equations, fractional partial differential e-
quations is an important topic. Recently, Fractional differential equations have been the focus of many
studies due to their frequent appearance in various applications in physics, biology, engineering, signal
processing, systems identification, control theory, finance and fractional dynamics. In particular, frac-
tional derivative is useful in describing the memory and hereditary properties of materials and processes.
To illustrate better the physical phenomena denoted by fractional differential equations, it is necessary
to obtain analytical or numerical solutions for fractional differential equations. Many efficient methods
have been proposed so far [1-12].

In this paper, we introduce a new approach to seek exact solutions for space-time fractional partial
differential equations based on the combination of the simple equation method and the following Jacobi
elliptic equation

(G′)2 = e2G
4 + e1G

2 + e0, (1)

where e0, e1, e2 are arbitrary constants. The fractional partial differential equations are defined in the
sense of the conformable fractional derivative, which is defined as follows

Dαf(t) = lim
ε→0

f(t+ εt1−α)− f(t)
ε ,

and satisfies the following properties:

(i). Dα
t (t

γ) = γtγ−α.

(ii). Dα
t f [g(t)] = f ′

g[g(t)]D
α
t g(t).
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2 Applications of the present method to Space-time fractional BBM
equation

Consider the space-time fractional BBM equation

∂αu

∂tα
+ u

∂βu

∂xβ
+

∂βu

∂xβ
− µ

∂2β+αu

∂xβ∂xβtα
= 0, 0 < α, β ≤ 1, (2)

which is a variation of the following BBM equation of integer order:

ut + uux + ux − µuxxt = 0. (3)

In order to apply the present method described in Section 2, suppose u(x, t) = U(ξ), where ξ =

ctα
α + kxβ

β
+ ξ0, k, c, ξ0 are all constants with k, c ̸= 0. Then by use of the properties (i) and (ii), we

obtain {
Dα

t u = Dα
t U(ξ) = U ′(ξ)Dα

t ξ = cU ′(ξ),

Dβ
xu = Dβ

xU(ξ) = U ′(ξ)Dβ
xξ = kU ′(ξ),

(4)

and then Eq. (2) can be turned into the following form:

cU ′ + kUU ′ + kU ′ − µck2U ′′′ = 0. (5)

Suppose that the solution of Eq. (5) can be expressed by

U(ξ) =

n∑
i=0

ai(
G′

G
)i, (6)

where G = G(ξ) satisfies the Jacobo elliptic equation (1). By Balancing the order between the highest
order derivative term and nonlinear term in Eq. (5), we can obtain n = 2. So we have

U(ξ) = a0 + a1(
G′

G
) + a2(

G′

G
)2. (7)

Substituting (7) into (5), using Eq. (1), and collecting all the terms with the same power of GiG′j

together, equating each coefficient to zero, yields a set of algebraic equations. Solving these equations,
yields that

a0 = −k + c+ 8µck2e1
k

, a1 = 0, a2 = 12µck.

Substituting the result above into Eq. (7), and combining with (11) we can obtain the following exact

solutions in the forms of the Jacobi elliptic functions for Eq. (2), where ξ = ctα
α + kxβ

β
+ ξ0.

Family 1: when e2 = m2, e1 = −(1 +m2), e0 = 0,

u1(x, t) = −k + c+ 8µck2e1
k

+ 12µck[cn(ξ)ds(ξ)]2, (8)

Family 2: when e2 = −m2, e1 = 2m2 − 1, e0 = 1−m2,

u2(x, t) = −k + c+ 8µck2e1
k

+ 12µck[sn(ξ)dc(ξ)]2, (9)

Family 3: when e2 = −1, e1 = 2−m2, e0 = m2 − 1,

u3(x, t) = −k + c+ 8µck2e1
k

+ 12µckm4[sn(ξ)cd(ξ)]2. (10)
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Family 4: when e2 = 1, e1 = 2−m2, e0 = 1−m2,

u4(x, t) = −k + c+ 8µck2e1
k

+ 12µck[
dc(ξ)

sn(ξ)
]2. (11)

Family 5: when e2 = m2(m2 − 1), e1 = 2m2 − 1, e0 = 1,

u5(x, t) = −k + c+ 8µck2e1
k

+ 12µck[
cs(ξ)

dn(ξ)
]2. (12)

Family 6: when e2 = 1, e1 = −(m2 + 1), e0 = m2,

u6(x, t) = −k + c+ 8µck2e1
k

+ 12µck(1−m2)2[
sd(ξ)

cn(ξ)
]2. (13)

Remark. Combining with other general solutions of the Jacobi elliptic equation (1) where e2, e1, e0
taken different values, one can obtain corresponding hyperbolic function solutions, trigonometric function
solutions and rational function solutions for space-time fractional BBM equation, which are omitted here
for the sake of simplicity.

3 Conclusions

We have introduced a new approach for solving fractional partial differential equations in the sense of
the conformable fractional derivative, and apply it to seek exact solutions for the space-time fractional
BBM equation. As a result, a series of exact solutions in various forms are successfully found.
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