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1. INTRODUCTION

Fractional derivatives have a long mathematical history and it is a 300 year old topic.
Interdisciplinary applications can be elegantly modeled with the help of the fractionalderivatives.
During the last decade fractional calculus has attracted much more attention of physicists and
mathematicians.Fractional order differential equations are naturally related to systems with
memorywhich exists in most biological systems. Mathematical modeling in population biology
provides new aspects in understanding the interaction between species. A large number of
research work has been done on modeling the dynamics of interaction among species, it has been
restricted to integer order differential/difference equations. In recent years, it has turned out that
many phenomena in different fields can be described very successfully by the models using
fractional order differential equations. We begin by giving the definitions and some properties of

fractional order integrals and derivatives [7].

Definition 1. The fractional integral of order B€ R * of the function f(¢t),t > 0, is defined by

: (t —s)F-1
NC)

and the fractional derivative order a € (n — 1,n) off(t),t > 0, is defined by

IFf(e) = f(s)ds.
0

Volume-2 | Issue-1 | January,2016 | Paper-4 23



I]RD@ IJRDO-Journal Of Mathematics ISSN: 2455-9210

DAf(t) = I""Df(t), D ==
In addition, the following results are the main ones in fractional calculus. Leta, 8 € R*.

e IP: 15[t andif F(x) € LY thenl P = I PF(x).
J Iﬂimlff(x): I7f (x) uniformly on [a,b],n=1,2,3,--- where I}If(x)J' f(s)ds.
—nN 0

. Iﬂlrr(! f(x) = f(x) weakly.

df (9

e If f(x) is absolutely continuous on [a, b],thenlirrg D f(x)= 5
a—> X

2. DISCRETIZATION PROCESS

In [3,9], a discretization process is introduced to discretize the fractional order logistic
differential equations. When the fractional order parameter a — 1, Euler's discretizationmethod
is obtained. Here, we are interested in applying the discretization method to a system of
differential equations describing the prey predator interaction. Let « € (0,1)and consider the

differential equation of fractional order
@

The corresponding equation with a piecewise constant argument

oo ([l

x(0) =x%,,t<0

Let ¢ € [0,7), then - € [0,1). So we get Dx(t) = f(xo), t € [0,1).

ta

Thusx, (t) = x, + e

f(x0)-
Lett € [r,2r), then- € [1,2). Sowe getDx(t) = f(x,)),t € [r, 27).

Thuse, (£) = 2,(r) + S £ (1 (7).
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Let t € [2r,37), thenf € [2,3). Sowe getD%*x(t) = f(x,(2r)), t € [2r,3r)

(t-2r)“
Thusxs (£) = x,(2r) + [ £ (2(27).

Repeating the process, we get when ¢ € [nr, (n + 1)r), then% € [n,n +1). So we get

D%x(t) = f(xp(nr)), t € [nr,(n+ Dr)
Thus

(t—nr)*
Xm+1)(£) = xp(nr) + mf (xp(nr))
3. MODEL DESCRIPTION AND DISCRETIZATION

In 1926, Volterra came up with a model to describe the evolution of predator and prey fish

populations in the Adriatic Sea. They were proposed independently by Alfred J.Lotka in 1925 [1,
2,4,5,6]. The well-known system is as follows:

4

x'=ax—bxy:y = —cy+dxy

With a = b = ¢ = d = 1, [8] discusses he dynamical properties of the fractional order
LotkaVolterra equation

D +x=x(1-y);

D§ +y=y(—1+x).

Here we are concerned with the fractional order Prey Predator system given by

D x(t)
D7y (t)
D”z(t)

ax (t)—bx(t)z(t)
oy ()[1-y (t)]-dy(t)z(t)
ex(t)z(t)+ fy(t)z(t)+oz(t)

3

where « is the fractional order. Now we are actually interested in discretizing fractional order
prey predator system given in the form
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(T
ol ()
owo-w{ L)ool

with initial condition x(0) = x,, v(0) = y,,2z(0) = z, The proposed discretization method has

the following steps.

Dx(t)

- |~
= |~

= |~
<

(1.) Let t €0, r),thenf € [0,1). So we get

Dx(t) = axq — bxozo, D*y(t) = cyo[1 — yo] — dyozo, D z(t) = exozo + fYoZo — gZo
and the solution of (4) by

« t
X, (t) =X, + 1“ax, —bx,z, = X, + (ax, — bxozo)m

a

t
Y1 (t) =Yt |aCy0[1— yo] - dyOZO =Yoot (Cyo [1_ yo] - dyozo)m

a ta
7,(t) =2, + 1“eyo2y + fyo2y — 92, = 2 + (Y2, + fyoZ, — 92,) I'(l+a)

(2.)Let t € [r, Zr),thenf € [1,2). So we get

D*x(t) = axy — bx,z1, Dy(t) = cy1[1 —y1] —dy 21, D¥z(t) = exyz, + fy 12, — 974

and the solution of (4) by

X, (t) =% (r) + 1“ax, (r) —bx,(r)z,(r)

= %, () + (a% (F) — bx, ()2, (1)) F“(;);)

yz (t) = yl(r)+ I"‘cyl(r)[l— yl(r)]_dyl(r) Zl(r)
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=30+ (n0[1- vl(r)]—dyl(r)zl(r))%

2,(t) = 2,(r) + 1“ey, (N z,(r) + fy,(N)z,(r) - gz,(r)

= 2,(N+ (N3N + (M) - gzl(r))%

Repeating the process, we can easily deduce that the solution of (4) is given by

Xoua (1) = X, (r) + 5{(‘12'2) [ax, (nr) — b, (nr)z, (nr)]
S 0)= 30 (00)+ 0 (0, (), (), ()2, ()
z,.(t) =12, (nr)+%{eyn (nr)z, (nr)+ fy, (nr)z, (nr)- gz, (nr)]

Hence the discrete version is

a

X.. =X, + ax, —bx z
n+1 n F(l )[ n n n]

=y, + cy.[1-y,]-dy. z 5
yn+1 yn I_,(l 0{)[ yn[ yn] yn n] ( )
Z,,=2,+ ex,z, + fy.z, — 0z
n+1 n F(l )[ n“n n®n g n]

4. FIXED POINT AND STABILITY WITH NUMERICAL SIMULATIONS

Now we analyze the stability of the fixed points of the system (5) which has the following fixed

points:
F, = (0,0,0), Trivial point. F; = (0,1,0), Axial point.
=(<,0,2 ial poi — (o4 U9 ial Do
F, = (e,O, b), Axial point. F; = (O,f, T ) Axial point.

adf  (f—g) (bc—ad) a
o= (4 U=0) G o

, ) Interior point.
bce e bc b

By considering the Jacobian matrix for interior fixed point and calculating their Eigen values, we
can investigate the stability of the interior fixed point based on the roots of the system

characteristic equation. Linearizing system (5) about F4 yield the characteristicequation:
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P(A)=A3+Az[s(c—%)—3]+l 3+[25(%—c)]+sz[<%—c)<g—%>+ag]

d d
-0~ o)

[ o]

ad
+s(c—7)—1+s2

+ 52 =0

Let

where s = —
T I(1+a)

o= f(e-5)-4
o e R [ A

adf ra ad ]]

—(ad)1+2( ) +1
as; = s|c b s“la(f—g 12 " Be

o)

From the Jury test, if P(1) > 0,P(—1) <0, and a3 < 1,|bs| > by, c5 > |cy|, Wwhere by =1 —

+ s?

a3 b, = a; — aza, b, = a; — aza;, c3 = b3 — bf, and ¢, = b3b, — by by, then the rootsof P( 1)
satisfy A< 1 and thus F, is asymptotically stable. Suppose P(1) < 0; then F, isunstable.

Numerical simulations are helpful in analyzing the phase diagrams of dynamical system
depending up on parameters. Numerical study of Fractional order discrete dynamicalsystems
gives an insight in to dynamical characteristics. In this section, we present thetime plots for x(t),
y(t), z(t), phase portraits and bifurcation diagrams for the system (5).Dynamic behavior of the
system (5) about the interior fixed points under different sets ofparameter values are presented.
Example 1. Let us consider the parameters with values r = 0.1,a = 0.11, b = 0.21, ¢ =0.8, d =
0.1, e =04, f=0.12, g = 0.28, and the initial conditions are x = 0.5, y = 0.4, z = 0.2and the
fractional derivative order o« = 0.95; Applying Jury test we get P(1) = 0.0003 >0,
P(-1) =-7.6572 <0 and a3 =-0.9144 < 1, thus F,is asymptotically stable see fig — 1.
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Figure 1. Time series and Phase diagram of Fixed point F4 with Stability of system (5)
Example 2. Let us consider the parameters with values r = 0.1, a = 0.11, b = 0.21, ¢ =0.8,
d=0.1,e=0.4,f=0.12, g = 0.28, and the initial conditions are x = 0.5,y = 0.4, z = 0.2 and the
fractional derivative order a = 0.95, Applying Jury test we get P(1) = - 0.0012 < 0,thus F,is
Unstable see fig — 2.
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Figure 2. Time series and Phase diagram of Fixed point Fswith Unstability of system (5)

Bifurcation diagrams provide information about abrupt changes in the dynamics, see
figure — 3. The parametric values at which these changes occur are called bifurcation points.
They provide information about the dependence of the dynamics on a certain parameter. If the
qualitative change occurs in a neighborhood of an equilibrium point or periodic solution, it is
called a local bifurcation. Any other qualitative change that occurs is considered as a global
bifurcation. Here consider the parameters with valuesr =0—-0.3,a=0.11, b =0.21, ¢ =0.35,d
=0.28, e = 0.14, f = 0.12, g = 0.2, the initial conditions are x = 0.5, y =0.4, z = 0.2 and the
fractional derivative order o = 0.99.
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Figure 3. Bifurcation Diagram for Prey — Predator system of (5)
5. REFERENCES

[1] Abd-Elalim A. Elsadany, H. A. EL-Metwally, E. M. Elabbasy, H. N. Agiza, Chaos and
Bifurcation of anonlinear discrete prey-predator system, Computational Ecology and
Software, 2012, 2(3):169 — 180.
[2] Leah Edelstein — Keshet, Mathematical Models in Biology, SIAM, Random House, New
York, 2005.
[3] El-Sayed, AMA, El — Mesiry, A, El-Saka, H: On the fractional-order logistic equation. Appl.
Math.Lett.20, 817 — 823 (2007).
[4] A. A. Elsadany A. E. Matouk, Dynamical behaviors of fractional — order LotkaVolterra
Predatorpreymodel and its discretization, J. Appl. Math.Comput.DOI 10.1007/s12190-014-0-
838 — 6.
[5] A.E. Matouk, A.A. Elsadany, E. Ahmed, H.N. Agiza, Dynamical behavior of fractional-order
HastingsPowell food chain model and its discretization, Commun Nonlinear SciNumer
Simulat 27 (2015)153167.
[6] J.D.Murray, Mathematical Biology I: An Introduction, 3-e, Springer International Edition,
2004.
[7] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional
Differential Equations, John Wiley & Sons, New York, NY, USA, 1993.
[8] RamrezHernndez, Leticia Adriana; Garca Reyna, Mayra Guadalupe; Martnez Ortiz, Juan,
Populationdynamics with fractional equations (Predator — Prey) ActaUniversitaria, vol. 23,
Nm. 2, November, 2013,pp. 9-11.
[9] Ravi P Agarwal, Ahmed MA El — Sayedand Sanaa M Salman, Fractional — order Chua’s

system: discretization,bifurcation and chaos, Advances in Difference Equations, 2013, 2013:320.

Volume-2 | Issue-1 | January,2016 | Paper-4 30





