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Abstract: In this article, an existence theorem for ordinary nonlinear differential equations with
the periodic boundary value problem is proved under mixed generalized Lipschitz and
caratheodory conditions for the aspects of solutions. Our result includes some known existence
results for ordinary nonlinear differential equations with the periodic boundary value problems.
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1. Second Order Periodic Boundary Value Problem.

Let R denote the real line. Given a closed and bounded interval ] = [0, T]in R. Consider
the periodic boundary value problems (in short PBVP ) of second order ordinary Differential
equations with period T

d? x(t) _ )
_W[f(t,x(t).x'(t))] =a(tx(O)x'(®)) aete]

x(0) = x(T), x'(0) = x'(T), x""(0) = x"(T)
Where f: [ X RXR— R, —{0} & g:/JXRXR—R

(1.1

By a solution of the PBVP (1.1) we mean a function x € AC*(J, R) that satisfies

. ) d x(t)
i) The function t — s (m)

is absolutely continuous defined on J and
i) x satisfies the equations in (1.1)

Where ACY(J, R) is the space of continuous functions whose first and second derivative exists
and is absolutely continuous real valued functions defined on J. When f(t,x,x") = 1forallt €
Jandt € R, the PBVP (1.1) reduces to a

—x'"(t) = g(t,x(t),x’(t)) a.e. te]

x(0) = x(T),x'(0) = x'(T), x"(0) = x"(T)
(1.2)
Where g:] X RXR — R

In the following section we describe some basic tools from nonlinear functional analysis
which will be used in subsequent part of article.
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2.Auxiliary Results

Let X be a Banach algebra with norm ||. ||. A mapping A: X — X is called D-Lipschitz if there
exists a continuous non-decreasing function : R* — R* satisfying

lAx = Ayl < ¢ (llx = yID (2.1)

Forall x,y € X withy(0) = 0. In the special case when ¥)(r) = ar, (a > 0), Ais called
Lipschitz with the Lipschitz constant a. In particular, if @ < 1, ais called contraction with
contraction constant.a Further, if (r) < a for allr > 0, then A'is called nonlinear D -
contraction on X. Sometimes we call the function ¥ a D- function of A on X for convenience.

An operator B : X — X is called compact if m is a compact subset of X for any ScX.
Similary B : X = X is called totally bounded of B maps a bounded subset of X into a relatively
compact subset of X. Finally B : X = X is called completely continuous operator if it is
continuous and totally bounded operator on X. A non linear alternative of Schaefer type
recently proved by Dhage [3] is embodied in the following theorem.

Theorem 2.2 (Dhage [3]), LetB,(0)and B, (0) be respectively open and closed

balls in a Banach algebra X centered at origin 0 and of radius r. Let A,B : B,(0) — X be two
operators satisfying.

a) A is Lipschitz with a Lipschitz constant a.
b) B is compact and continuous, and

) aM <1 where M = ||73(73T(0))|| := sub {||Bx||:xe m}
Then either

Q) the equation A[A,B,] = x has solutionfor A =1 or
(i)  there exists an u € X such that ||u|| = r satisfying
Al[Ax Bx] =uForsome 0 < A<

In the following sections we prove the main existence results of this article.
3. Existence Theory

Let B(J,R) denote the space of bounded real-valued functions defined on J. LetC(],R),
denote the space of all continuous real-valued functions defined on]. Define a norm ||-||and a
multiplication “-”in C(J,R) by

Ixll =~ [x(@)]
xll =, cJ x
And (x-y)(t) = (xy)(t) =x(t) - y(t) fort €], clearly C (J,R) becomes Banach algebra

with respect to above normal and multiplication. By L'(J,R) we denote the vector space of
Lebesgne integrable functions defined on J and the norm ||-||,z in L'(J,R) isdefined  ||x||,» =

[ 1x(®)] ds.
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The following lemma appearsin Nieto [1] and which is useful in the study of second order periodic
boundary value problems of ordinary differential equations.

Lemma 3.1 for any real number m > 0 and o € L*(J,R), x is a solution to the differential

equation
—x"(t) +m?x(t) =o(t) a.et€]
x(0) = x(T),x'(0) = x'(T), x"(0) = x"(T)
(3.2)
if and only if it is a solution of the integral equation  x(t) = fOT Gn(t,s)a(s)ds (3.3)
Where
———[eM(9) 4 oM 0 < s < <T,
G(t,s) = { ™ (3.4)
m

m(s—t) m(T—s+t)
prororaeyd +e Jost<s<T

Notice that the Green’s function G,, is continuous and nonnegative on J X J and the numbers

emT

a = min{|G,,(t,s)| : t,s € [0,T]} = e D) and
emT 11 . ..
B = max{|G,,(t,s)| : t,s €[0,T]} = P T exist for all positive real number .

We need the following definition in the
Definition 3.5A mapping f : ] X R X R — Riis said to be caratheodory if

Q) t — B(t,x,x") is measurable for each and x € R and
(i)  x+— B(t,x,x") continuous almost everywhere for t € J.

Again, a caratheodory function S (t, x, x") is called L!- caratheodory if

(iii)  For each real number r > 0 there exists a function h, € L*(J,R) such that
|B(t,x,x")| < h,.(t) a.et €] forall x € R with |x| <.

Finally, a caratheodory function B(t, x, x") is called L% caratheodory if

(iv)  there exists a function h € L*(J, R) such that
|B(t,x,x")| < h(t) a.et € Jforall x € R.

For convenience, the function h is referred to as a bound function of £.
We will use the following hypotheses in the sequel.

(Ap) Thefunctionst — f(t,x,x),t — f:(t,x,x") and
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t — f, (t,x,x") are periodicof Tall x € R.

(Ay) The functionst — f(ozx,) is injective in R.

(A)) f(ox,x")+#xf,(0,x,x")forallx € R,where f,(0,x,x") = o (txxn)

dx t=o0
(A3) Thefunctions f : ] X R X R = R is continuous.

(A4) The functions f : ] X R X R = R is continuous and there exists a function ¢ €

B (J,R)suchthat |f (t,x,x)— f &y, y)| < €@®{lx -yl +|x" =y} for
allt €]and x,y € R. Moreover, we assume that L = {&7* £(t).

(As) The function g is caratheodory.

Remark 3.6  Note that hypotheses (A3) though (As) are much common in the literature on the
theory nonlinear differential equations. Similarly, there do exist functions satisfying the
hypotheses (A,) though (A,). Indeed, it is easy to verify that the function f : J X RXR - R
defined by f (t,x,x") = a+ bx + cx’ for some a,b € R witha #0 and a+bx+cx' #0
satisfies the hypotheses (Ay) — (A,) mentioned above.

Now consider the linear perturbation of the PBV P (1.1) of first type,

— x(t) ! x(t) B ,
<f(t,x(t),x'(t))> tm <f(t,x(t),x’(t))> = gm(tx(©O,x'(1) aete€]

x(0) = x(T),x"(0) = x'(T) )
(3.7)

Where m > 0 is a real number and the function g,,, : ] X R X R — R is defined by

Im (t,x,x") = g(t,x,x") + m? (f(t,z,x’)) (3.8)

Lemma 3.9  Assume that hypotheses (Ay) — (A4) holds. Then for any real number m > 0 and
Im (t,x(t),x’(t)) € L' (J,R), x is a solution to the differential equation (3.7) if and only if it is
a solution of the integral equation

x(t) = [£(&x(©), ' )] (J; Gm(t,5) g (5,2()x"())ds) (3.10)
Where the Green’s function G,,(t, s) is defined by (3.4)

We make use of the following hypothesis in the sequel.

(Ag) There exists a continuous and non-decreasing function ¥ : [0,) — (0, %) and function
y € L'(J,R) such that y(t) >0, a.e te] satisfying |gm (&, x,x")| <
Y@y Ux) ae te]

Volume-4 | Issue-3 | March,2018 21



I]RD@ [JRDO-Journal of Mathematics ISSN: 2455-9210

forallx € R.

Theorem 3.11 Assume that the hypotheses (Ay) — (A;) and (As) — (Ag) hold. Suppose that
there exists a real number r > 0 such that

mT
Zme(eEm-Tl"_i 1)] ||)’||L1Lll(r)

mt
1- L gzt 3] 7l )

Fo

r>

(3.12)

mT
Where L[ e t1

) = llaw() < 1and Fy = SHIF (2, 0))
Then the PBVP (1.1).has solution defined on J.

Proof: Let x = C(J, R). Defined on open ball Br(0) centered at origin 0 of radius r, where the
real number r satisfies the inequality (3.12). Define two mappings A and B on B,.(0) by

Ax (®) = f(t,x (0),x' (1), t €] (3.13)
and Bx (t) = fOT Gm(t,5) gm(s,x (5),x'(s)) ds, t €] (3.14)

Obviously A and B define the operators A, B : Br(0) — X. Then the integral equation (3.10) is
equivalent to the operator equation

Ax () Bx () =x(t), t€] (3.15)
We shall show that the operators A and B satisfy all the hypotheses of Theorem (2.2).
We first show that A is Lipchitz on BT—(O) .
Letx,y € X.Then by (A3),

|Ax(t) — Ay < |f (£, x(®),x'(D) — f(ty(@©).,y'(®))|
< £(Omax{|x(t) —y (@) + [x'(¢) —y" (O]}
< Llx =yl

forall t €. Taking the supremum over t, we obtain  ||Ax —Ay|| < L |lx —y||

forall x, y € Br(0) .So Ais Lipschitz on Br(0) with the Lipschitz constant L. Next we show
that B is completely continuous on X. Using the standard arguments as in Granas et. al. [2], it is
shown that B is a continuous operator on Br(0) . We shall show that B (Br(O)) is uniformly

bounded and equicontinous set in X. Let x € Br(0) be arbitrary. Since g is caratheodory, we
have
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|Bx (O] <

T
f Gi(t,s) gm(s,x (s),x’(s)) ds

IA

o] s xD] ds

IA

o] (YW (Ix()) ds

= [Zm(emT 1)] ly |l 2w (r)

Taking the supremum over t, we obtain |[Bx||< M for all x, € Br(0), where M =

[m] llyllsy(r) This shows that B(Br(0)) is a uniformly bounded set in X. Next, we

show that B(Br(O)) is an equi-continuous set in X. Let x € Br(0) be arbitrary. Then for any
t,,t, € J one has

|Bx(t;) — Bx(t2)|

T
< f (G (t1,5) = G (b2, )1 | g (S, %5, 6" (5)) | s
0
T
< f (G (£, 5) = G (£, )1y ()Y (1x(s)ds
0
T
< f (G (t1,5) = G (2, )y ()p(r)ds
0

1 1
< (fOTIGm(tl.S) - Gm(tz.S)IZ) 2 (fOTIy(S)I2 dS) /Zt/J(r) (3.16)

Hence for all t;,t, € J, |Bx(t;) — Bx(t;)| = 0 ast; — t, uniformly for all x € Br(0). There
fore BBr(0), is a equi-continuous set in X. Now BBr(0), is a uniformly bounded and equi-
continuous set in X, so it is compact by Arzela-Ascoli theorem. As a result B is compact and
continuous operator on Br(0). Thus, all the conditions of theorem (2.2) are satisfied and a direct
application of it yields that either the conclusion (i) or the conclusion (ii) holds. We show that the
conclusion (ii) is not possible. Let u € X be a solution to the operator equation A [Au Bu] =u
for some 0< A< 1 satisfying |lu|l| =r. Then we have, for any A€ (0,1), u(t)=

ALf (6 x(0), %' ()] (fOT Gm (£, ) gm (s, %(5), x’(s))ds)

fort € J. Therefore,

T
lu®| < A|f (¢, u@®), ' (®))] < G (, ) gm (s, u(s), ' (5))ds
0

)

< A|f (£, x(®),x'(©)) — £(£,0,0)| + |£(£,0,0)]) x
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( fo 69| gm (5 1(5), u’(s))|ds>
< O] + Fo) (f; [ [gm (s, u(s),u'(5)) | ds)
< L[] e ) (f; v (uts)Dds)
4y || (Jo v o) (u()Dds)

<L [Zm(emr 1)] 1yl lulDlu @] + Fo [Zm(em 1)] Iyl w(lulD (3.17)

Taking the supremum in the above inequality (3.16)

Fo | g Wl

1 - 1|t Il )

llull <

Substituting ||u|| = r in above inequality,

Fy m} Iyl p(r)

r<

) [m] Il ()

This is contradiction to inequality (3.12). Hence the conclusion (ii) of theorem (2.2) does
not hold. Therefore, the operator equation AxBx = x and consequently the PBVP (1.1) has a
solution defined on J. This completes the proof.

4. An Example: Given a closed and bounded interval J = [0,27] of the real line R, consider
the PBV P of ordinary second order differential equation,

El ox@® ] [ x® | e
—F[a +bx(t)| la + bx(t)l 721+ x2(0)] a.e. t€].
x(0) =x (2m),  x'(0) = x'(2m) (4.1)

where a,b € R satisfyinga # 0anda + bx > 0 forall x € R,.

Here ft,x) = a+bx >0
X txz
And gt x) =— [a+bx] + m2[1+x2]

forallt € Jand all x € R,. Taking m = 1, we obtain
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tx?

Im(t,x) = g1(t,x) = m >0

forallt € Jand all x € R,.
It is easy to verify that all f is continuous and satisfies the hypotheses (4,) and (4,) in
view of Remark (2.6). Further, f is Lipschitz on

sup __

J X R with Lipschitz function #(t) = |b|fort € Jandso, L = .&;= |b|.

Now,

2 t

— =v©Op(x))

T2

tx
m?[1 + x?]

lgm (@, x)| = g1(t,x) =

forall t € Jandallx € R,.Where y(t) = %and Y(r) =1forallr > 0.

Hence
1 21
= — tdt =2
Il = = ]O

Again,

e2MT 4 | (e?™+1)

L = Ibl oy

IZm (e2mm — 1)] Il = ol e,

. eZT[_l e2T[+1
Thus, if |b| < =TT Then |b| = <1,

And consequently, by theorem (3.11), the PBVP (4.1) has a solution in a closed ball Br(0),
where the number r satisfies the inequality

lal(e?™+1)

"2 @b

definedon J.
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