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One Radius Theorem

Harmonic Function Theory

Dimitra Aleziou', Evlampia Athanailidou®

Import
The present paper deals with the study of harmonic and analytical functions.
It deals with well-known and powerful theorems of the Complex Analysis and
has as its central theme the One-Radius Theorem, somehow reversing the Mean
Value theorem of harmonic functions. These considerations are set out in Mark
A. Pinsky’s article | Mean Values and the Mazimum Principle: A Proof in
Search of More Theorems |.

Purpose
Our goal is to prove that in the One-Radius Theorem, the precondition of con-
tinuity of w in closed D(R) and not simply in D(R), is necessary.

Methodology
For this reason, we will give an example in which we construct a function u
continuous to D(R), which satisfies the other conditions of the theorem and yet
it is not harmonic to D(R).

Before proceeding with the presentation, we should recall basic concepts of
Complex Analysis. We will formulate definitions and theorems that are simply
referred or used in this paper.

Definition 0.0.1 A set S C C is coherent if there are no subsets of C, A, B #
&, open to S with the following properties: S=AUB and AN B =&. So, we
call S a coherent set of C if this can not be written as a union of two foreign,
non-empty and open to the S sets. Otherwise, S is called non-coherent. An
open and coherent set is called a place.

Definition 0.0.2 A real function u(z,y) that is twice productive and satisfies
the Laplace equation
Ugg + Uyy =0

i a place D is called harmonic in D.

Definition 0.0.3 We say that a function u = u(x,y) from place  to R has
the property of Mean Value in Q, if it is true

1 27 -
u(a,b) = 2—/ u(a+ Rcosf,a+ Rsin€)df,VD(a,b; R) C Q.
T Jo

That is, the value of u in the center of the disk is equal to the average of its
values on the periphery of the disk.
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Theorem 0.0.4 (Mean Value for Harmonic Functions) Ifu is a harmonic
function on disk D(a,b; R) C Q and continuous in € , then it has the property
of mean value in D.

One-Radius Theorems

We know that the Mean Value attribute characterizes the harmonic func-
tions. In particular, if u u is a continuous function from the place 2 to R and
satisfies the property of Mean Value in €2 , then it is harmonic and C'*° in it.
Then follows the One-Radius Theorem, a form of inversion of the Mean Value
Theorem.

Theorem 0.0.5 (Theorem of One Radius) Suppose u = u(z,y) ) is a
continuous function in the disk D(R). If V(x,y) € D, 3 r = r(x,y) with
0<r<R— /22 +9y? and such that it is valid

1 27
u(z,y) = g/o u(x + rcosb,y + rsinb)do,

then u is harmonic and C? in D(R).

Then we will show that in the theorem of one radius, the condition of conti-
nuity of v in the closed D(R) and not just in D(R), is necessary. Indeed, below,
we will give an example in which a continuous function u in D(R) satisfies the
other conditions of the theorem and is nonetheless harmonic in D(R) .

Example 0.0.6 Suppose the function u(z) = log|z|. u is continuous and har-
monic at C*. Therefore, if

A={zeC:r <|z|<ro}

s a ring, we can find a harmonic function in A that takes any fixed values in
the inner and outer circle, putting u(z) = blog|z| + a for appropriate a,b. So
we suppose the rings

1
An:{ZG(C:lfQ—n§|z|§1— 0,1,2,...

W}vn:

and define the function
u(z) = un(2),Vz € A,

with
Un(2) = an + by log|z|,n=1,2,..
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and
0,0 <|z[ <%
U'O(Z): 4 1. <1
ap +bolog|z|, 3 <|2| < 3
Where
ap = —logz

b,=n+1,n=0,1,2,...
n—1
Gp = Go — Z Cm
m=0

¢m = log (1 — ),m=0,1,2, ..

2m+1

We will show that u fulfills all the conditions of the theorem of one radius except
one, the one of continuity in closed D(0,1). In particular, we will show the
following

1) w is continuous at D(0,1)

2) u is not continuous at D(0,1)

3) Vz € D(0,1) there is a radius r(z) > 0 such that u satisfies the property of
mean value in disk D(z,r(z))

4) finally, and while all of the above applies, we will show that u is not harmonic
to D(0,1).

Indeed,

1) wo(z), as defined is continuous at Ag. In the inner of A, u(z) = u,(2) sou
is continuous in the inner of each ring with the above properties. On the borders
of the rings we have un(z) = unt1(2). Actually if

z€A, ﬁAn+1

then
1
|z =1- on+1
And
” 1
Un+1(2) = Gny1 + bpyrlog (1 — W) =ag — Z em+ (n+2)log (1 — W)
m=0
n—1
=ag — Zcm—cn+(n+1)log(1— 2n,+1)+10g(1_ 2n+1)
m=0
n—1 1
:ao—mzzocm—log(l— srr) + (ot Dlog (1= o) +log (1= o)
n—1 1
=ag — Zcm—&—(n—i—l)log(l—w) = ay, + by log |z| = un(2).
m=0
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Suppose zy belongs in one of the borders of A,, for example at the right edge
of A, with |z] = 1 — Qn% Then zg € Ap N Apy1. Suppose € > 0. wy, is
continuous at zg. So there exists &1 > 0 such as Vz € A, with |z — z| <
01 = |un(z) —un(z0)] < €. Likewise un41 is continuous at zg. So there is
d2 > 0 such as Vz € Ay with |z — zo| < 02 = |unt1(2) — unt1(20)| < €. We
set 6 = min{01,d2} and we have § < §1,02. So there is 6 > 0 such as Vz €
Ay UA, 1 with |z — 20| < 6 = |u(z) —u(z0)| < e. Therefore u is continuous
on the boundaries of the rings too and finally continuous at D(0,1).

2)To show that u is not continuous at D(0,1), it is enough to show that there
is mo limit

lim u(z).

|z|—1

We suppose the sequence of points of D(0,1)

n — 1—-—
z om
with
lim z,=1.
n—-4oo

We have

ngrfoo w(zp) = ngrfoo Up (2n) = ngrfoo(an + by log|zn])

n—1 1
= Jim o - ZOC’”] +Jim [(n 4+ 1)log (1 — )]

n—-+oo n—-+oo n—-+oo

n—1
. . 1 . 1
=ap— lim E Cm + lim nlog(l—w)—i— lim log(l—ﬁ)
m=0

+oo
1 n
=ao + Z [—em] + lim log[(1 — W) J.
m=0

li
n—-+oo

Now we will show that

. 1,1

n—-+0o e

and
—+oo
Z [—em] = +o0.
m=0

For the fisrt we have

1 1
VneN2">n=(1-=)">(1--=)"
2n n
and therefore
1
lim (1-—)"> lim (1—-—-)"=-.
n——+oo 2n n—+oo n e
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Otherwise ) )
VneN 2" >n= (1— 27)2” >(1-5)"
So 1 1 1
—= lim (1-=)> lim (1——)"
e n——+o00 AL n——+oo AL
eventually by the combination of the above
1 1
lim (1—-—=)"=-
n—-+oo 2n e
which is the first demand. Now we set
1 1

gl = 0

t, = —cp, =—log(1—

where

1 1
We have )
tn —log (1 — 5471
lm (] = g (22080 ),
n—+00" Sy, n—-4oo Py
) 1 —(n+1)
= lm flog(1- ) ]
log ! =1 1
= lo = loge = 1.
g ittt 400 (1 — 2n1+1)(7LJr1) g

Thus according to Limit Comparison Test the series

—+o0 +oo
Dt ) sm
n=0 n=0
have the same behavior. But
—+oo +oo 1
D=2 g =+
n=0 n=0

finally
—+oo
Z t, = +00
n=0

which is the second demand.
Returning to the limit calculation, we have

lim wu(z,) =ag+ 00+ — =400
n—+00 e
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therefore the limit

lim wu(z).

|z|—1
does not exist. 3)In the inner of the rings, u is harmonic. Consequently the
property of Mean value is satisfied. If zy is a point on the boundary of a ring,
suppose zg € Ap N Apt1, then select a radius less than the width of the ring
Api1,7 < 5t (the width of the sequence of rings A, decreases) the disk D(z, )
is entirely in the inner of A, UA,+1. At D(0,1) define the continuous function

1

T or

M(z) /o ﬂu(z + re'?)df.

Let {2z} be a sequence with elements of A,with

lim 2z, = 2.
k—+4o0

For all k € N we have , M(z) < M(zp). Also uy, is harmonic in A,, therefore
Vzr € Ay, 3ri > 0 such that it is true

1 27 . 1 2w .
Un(2x) = —/ U (24 1r1e)dO < —/ U (214 1e)dd = M(z,) < M(z)
21 0 2 0
Consequently
Un(2r) < M(20),Vk € N= klirf Un (21) < M(20)
—+00
and finally

un(20) < M(20).

Then select {z1} a sequence with elements of A, 41 with

lim 2z = 2o
k——+oo

like we did above, considering that now it is true Vk € N, M (z) > M (zy) we
will get
Un+1(20) > M(20)

eventually
M (z0) < tuny1(20) = un(z0) < M(20)
namely
1 2m )
nz0) = M(a0) = 5= [ ulaa + )b
27T 0

Therefore, the property of Mean Value is satisfied on the boundaries of the rings
and as a result throughout D(0,1).
4) The last thing we have to prove is that u is not harmonic in D(0,1) and we
will do that by showing that

%u 0*u

0x2’ dy?
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don’At exist for the points on the border of the rings. Let z = x + iy € A,,.

Then
w(z) = up(2) = apn, + by log /22 + 2
ou(z) =« b
or  a24+y2 "
Consider the border of Ay, |z| = 1 — 2% = 1. We suppose the sequences of

points of D(0,1)

n:Tk+?.

zn approaches this boundary of Ay through the ring A,, while w, through the
ring Ap+1. So we have

anrkfzin,w

1
lim 8u(zn)zrik:bi:k+

n—too  OJx 2 T Tk
. ou(wy) 1k b1 k42
lim —————= = Sbgy1 = =
n—+too  Ox T Tk Tk

namely, along two different paths z,,w, with |z,| — 7k, |w,| — ri we have

. Ou(zy) . Ou(wy)
ngr}rloo oz nEIJIrloo oz
Therefore the limit
o ou(z)
|z| =7k ox

does not exist, which is sufficient to complete the proof.

Conclusions
The Mean Value property in bounded places , such as a disk , characterizes
harmonic functions with basic precondition , to ensure the continuity in the
closeness of this place.
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