
sake of convenience, denote δ1(t, ti) =
∫ t
ti

− p̃
a
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1 Introduction

In [1], Hilger initiated the theory of time scale trying to treat continuous and discrete analysis in a 
consistent way. Based on the theory of time scale, Many authors have taken research in oscillation of 
various dynamic equations on time scales (see [2-8] for example). In these investigations for oscillation of 
dynamic equations on time scales, we notice that most of the results are concerned of dynamic equations 
involving derivatives of integer order, while none attention has been paid to the research of oscillation of 
fractional dynamic equations on time scales so far in the literature.

In this paper, we will establish some new oscillation criteria for the following conformable fractional
dynamic equation with damping term on time scales of the following form:

(a(t)[r(t)x(α)(t)](α))(α)+p(t)[r(t)x(α)(t)](α)+q(t)x(t) = 0, t ∈ T0, (1.1)
where α ∈ (0, 1], T is an arbitrary time scale, T0 = [t0, ∞) 

∩ 
T, t0 > 0, a, r, p, q ∈ Crd(T0, R+). For the

e (s, t )

a(s)
∆αs, where p̃(t) = tα−1p(t).

2 Main Results

Theorem 2.1. Assume −p
a ∈ R+, and

∫∞
t0

e− p̃
a
(s, t0)

a(s)
∆αs = ∞,

∫∞
t0

1
r(s)

∆αs = ∞,

lim
t→∞

sup
∫ t
t0
[ 1
r(ξ)

∫∞
ξ (

e− p̃
a
(τ, t0)

a(τ)

∫∞
τ

q(s)
e− p̃

a
(σ(s), t0)

∆αs)∆ατ ]∆αξ = ∞.

Define D = {(t, s)|t ≥ s ≥ t0}. If there exists a function H ∈ Crd(D,R) such that

H(t, t) = 0, for t ≥ t0, H(t, s) > 0, for t > s ≥ t0, (2.1)

and H has a nonpositive continuous α− partial fractional derivative H
(α)
s (t, s) with respect to the second

variable, and
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lim
t→∞

sup 1
H(t, t0)

{
∫ t
t0
H(t, s)[q(s)

ϕ(s)
e− p̃

a
(σ(s), t0)

− ϕ(s)(a(s)φ(s))(α) +
ϕ(s)δ1(s, t2)a

2(σ(s))φ2(σ(s))
r(s)

− [ϕ(α)(s)r(s) + 2ϕ(s)δ1(s, t2)a(σ(s))φ(σ(s))]
2

4r(s)ϕ(s)δ1(s, t2)
]∆αs} = ∞, (2.2)

where t2 is sufficiently large. Then every solution of Eq. (1.1) is oscillatory or tends to zero.

Proof . Assume (1.1) has a nonoscillatory solution x on [t0,∞)T. Without loss of generality, we may
assume x(t) > 0 on [t1,∞)T, where t1 is sufficiently large. By [9, Theorem 2.1 (ii)] we have either

x(α)(t) > 0 on [t2,∞)T for some sufficiently large t2 or lim
t→∞

x(t) = 0.

Now we assume x(α)(t) > 0 on [t2,∞)T. define the generalized Riccati function:

ω(t) = ϕ(t)a(t)[
(r(t)x(α)(t))(α)

x(t)e− p̃
a
(t, t0)

+ φ(t)].

Then by [9, Theorem 2.1 (i)] one has ω(t) ≥ 0. Furthermore, by Theorem 1.12 (ii), Theorem 1.11
and Theorem 2.2 in [9] one can deduce that

ω(α)(t) ≤ −q(t)
ϕ(t)

e− p̃
a
(σ(t), t0)

+ ϕ(t)[a(t)φ(t)](α) − ϕ(t)δ1(t, t2)a
2(σ(t))φ2(σ(t))
r(t)

+
[ϕ(α)(t)r(t) + 2ϕ(t)δ1(t, t2)a(σ(t))φ(σ(t))]

2

4r(t)ϕ(t)δ1(t, t2)
.

Moreover, we have

q(t)
ϕ(t)

e− p̃
a
(σ(t), t0)

− ϕ(t)(a(t)φ(t))(α) +
ϕ(t)δ1(t, t2)a

2(σ(t))φ2(σ(t))
r(t)

− [ϕ(α)(t)r(t) + 2ϕ(t)δ1(t, t2)a(σ(t))φ(σ(t))]
2

4r(t)ϕ(t)δ1(t, t2)
≤ −ω(α)(t). (2.3)

Substituting t with s in (2.3), multiplying both sides by H(t, s) and fulfilling α-fractional integral with re-
spect to s from t2 to t, together with the properties of conformable fractional calculus one can obtain that

∫ t
t2
H(t, s){q(s) ϕ(s)

e− p̃
a
(σ(s), t0)

− ϕ(s)(a(s)φ(s))(α) +
ϕ(s)δ1(s, t2)a

2(σ(s))φ2(σ(s))
r(s)

− [ϕ(α)(s)r(s) + 2ϕ(s)δ1(s, t2)a(σ(s))φ(σ(s))]
2

4r(s)ϕ(s)δ1(s, t2)
}∆αs

≤ −
∫ t
t2
H(t, s)ω(α)(s)∆αs = H(t, t2)ω(t2) +

∫ t
t2
H

(α)
s (t, s)ω(σ(s))∆αs ≤ H(t, t2)ω(t2) ≤ H(t, t0)ω(t2),

where in the last two steps we have used the fact that the function H(t, s) is decreasing with respect to

the second variable due to H
(α)
s (t, s) is nonpositive. Then

∫ t
t0
H(t, s)[q(s)

ϕ(s)
e− p̃

a
(σ(s), t0)

− ϕ(s)(a(s)φ(s))(α) +
ϕ(s)δ1(s, t2)a

2(σ(s))φ2(σ(s))
r(s)

− [ϕ(α)(s)r(s) + 2ϕ(s)δ1(s, t2)a(σ(s))φ(σ(s))]
2

4r(s)ϕ(s)δ1(s, t2)
]∆αs

=
∫ t2
t0

H(t, s)[q(s)
ϕ(s)

e− p̃
a
(σ(s), t0)

− ϕ(s)(a(s)φ(s))(α) +
ϕ(s)δ1(s, t2)a

2(σ(s))φ2(σ(s))
r(s)

− [ϕ(α)(s)r(s) + 2ϕ(s)δ1(s, t2)a(σ(s))φ(σ(s))]
2

4r(s)ϕ(s)δ1(s, t2)
]∆αs

+
∫ t
t2
H(t, s)[q(s)

ϕ(s)
e− p̃

a
(σ(s), t0)

− ϕ(s)(a(s)φ(s))(α) +
ϕ(s)δ1(s, t2)a

2(σ(s))φ2(σ(s))
r(s)
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− [ϕ(α)(s)r(s) + 2ϕ(s)δ1(s, t2)a(σ(s))φ(σ(s))]
2

4r(s)ϕ(s)δ1(s, t2)
]∆αs

≤ H(t, t0)ω(t2) +H(t, t0)
∫ t2
t0

|q(s) ϕ(s)
e− p̃

a
(σ(s), t0)

− ϕ(s)(a(s)φ(s))(α) +
ϕ(s)δ1(s, t2)a

2(σ(s))φ2(σ(s))
r(s)

− [ϕ(α)(s)r(s) + 2ϕ(s)δ1(s, t2)a(σ(s))φ(σ(s))]
2

4r(s)ϕ(s)δ1(s, t2)
|∆αs.

Furthermore,

lim
t→∞

sup 1
H(t, t0)

{
∫ t
t0
H(t, s)[q(s)

ϕ(s)
e− p̃

a
(σ(s), t0)

− ϕ(s)(a(s)φ(s))(α) +
ϕ(s)δ1(s, t2)a

2(σ(s))φ2(σ(s))
r(s)

− [ϕ(α)(s)r(s) + 2ϕ(s)δ1(s, t2)a(σ(s))φ(σ(s))]
2

4r(s)ϕ(s)δ1(s, t2)
]∆αs

≤ ω(t2) +
∫ t2
t0

|q(s) ϕ(s)
e− p̃

a
(σ(s), t0)

− ϕ(s)(a(s)φ(s))(α) +
ϕ(s)δ1(s, t2)a

2(σ(s))φ2(σ(s))
r(s)

− [ϕ(α)(s)r(s) + 2ϕ(s)δ1(s, t2)a(σ(s))φ(σ(s))]
2

4r(s)ϕ(s)δ1(s, t2)
|∆αs < ∞,

which contradicts (2.2), and then the proof is completed.

Theorem 2.2. Under the conditions of Theorem 2.1. If either of the following two conditions satis-
fy:

(i). lim
t→∞

sup 1
(t− t0)

m {
∫ t
t0
(t−s)m[q(s)

ϕ(s)
e− p̃

a
(σ(s), t0)

−ϕ(s)(a(s)φ(s))(α)+
ϕ(s)δ1(s, t2)a

2(σ(s))φ2(σ(s))
r(s)

− [ϕ(α)(s)r(s) + 2ϕ(s)δ1(s, t2)a(σ(s))φ(σ(s))]
2

4r(s)ϕ(s)δ1(s, t2)
]∆αs} = ∞, m ≥ 1, (2.4)

(ii). lim
t→∞

sup 1
(ln t− ln t0)

{
∫ t
t0
(ln t− ln s)[q(s)

ϕ(s)
e− p̃

a
(σ(s), t0)

− ϕ(s)(a(s)φ(s))(α)

+
ϕ(s)δ1(s, t2)a

2(σ(s))φ2(σ(s))
r(s)

− [ϕ(α)(s)r(s) + 2ϕ(s)δ1(s, t2)a(σ(s))φ(σ(s))]
2

4r(s)ϕ(s)δ1(s, t2)
]∆αs} = ∞, (2.5)

then every solution of Eq. (1.1) is oscillatory or tends to zero.

The proof of Theorem 2.2 can be reached by setting H(t, s) = (t − s)m, m ≥ 1 or H(t, s) = ln t
s in

Theorem 2.1.

Remark. In the established oscillation criteria above, if we set α = 1, then the results reduce to
corresponding oscillation criteria for dynamic equations on time scales involving integer order derivative.
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