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ABSTRACT.
In this paper we study to solve the of additive (s,t)-functional inequality with n-variables and their Hyers-Ulam stability.
First are investigated in Banach spaces with a fixed point method and last are investigated in Banachspaces with a

direct method .These are the main results of this paper.
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1. INTRODUCTION

Let X and Y be a normed spaces on the same field K, and f: X — Y. We use the notation - for all the norm on both X
and Y. In this paper, we investisgate additive (s,t)-functional inequality when X be a normed space and Y a Banach
spaces. We solve and prove the Hyers-Ulam stability of forllowing additive

(s; t)-functional inequality.

Qf(x1+x2+x3+x4+...+xk T3+ Ty + ... + T

1 >+f<5171—$2— 2-“ )—Qf(%)

< S(f(l_1+x2+l‘3+$4—2|—...—|—l‘k)+f(x1_x2_l‘3—|—$4—2|—...—|—l‘k) —2f(x1)>

Y

T3 +2Ty+ ...+ 2 T3+ 2Ty + ...+
+ t(f<x1+x2+ 3 42 k)—f(xl)—f(xg—l— 5 42 k))

(1.1)
In which (s;t) are fixed nonzero complex numbers with G(s;t)-functional inequality.Note that in the preliminaries we
just replacing some of the most essential properties for the above problem and for the specific problem, please see the
document. The HyersUlam stability was first investigated for functional equation of Ulam in [29] concerning the
stability of group homomorphisms.
The functional equation

S +y) =1x) + Ay)

is called the Cauchy equation. In particular, every solution of the Cauchy equation is said to be an additive mapping.
The Hyers [14] gave firts affirmative partial answer to the equation of Ulam in Banach spaces. After that,
Hyers’Theorem was generalized by Aoki [1] additive
mappings and byRassias [27] for linear mappings considering an unbouned Cauchy diffrence. Ageneralization of the
Rassias theorem was obtained by Gavruta [11] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Rassias’ approach. The stability of quadratic functional equation was proved by Skof [28] for
mappings f: X — Y, where X is a normed space and Y is a Banach space. Park [25],[26] defined additive y -functional
inequalities and proved the HyersUlam stability of the
additive y -functional inequalities in Banach spaces and nonArchimedean Banach spaces. The stability problems of
various functional equations have been extensively investigated by a number of authors on the world. We recall a
fundamental result in fixed point theory. Recently, in [3],[4],[22],[23],[25],[26] the authors studied the Hyers-Ulam
stability for the following functional nequalities

xr +y - L+ Yy z 1 . x—+ 1

=) — f(—5) 3) 3 (1-2)
v - rEEY D= fEES — @Il ()
Hf(m +y) — f(z) — f(?/)H < Hﬂ(Qf(w ;— y) — S (x) — f(?/)) H (1.4)
|25 = 1@ = r@)|| = e+ 9 = r@) = 1) (1.5)
and
sy (252 - —ar () )
= ‘@(W('“ 3) r2r(fet - %)—f(méy)—f@)H (1:6)
2f(Pgrt v 5) v2r (Pt 5) () — F(
= oy e ey )| an
and
Hf<x+y> @ - rw| = ‘Bl(f(x+y) VA —2f<x>>H
(27 (BEL) = 1) — s )| (1.8)
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finaly

f(:l“l—l—l‘z—l—...—l—l’n> —f(xl) —f(:pz—l—...—l—mn)
Y

< ﬁl(f(:m—l—wg—l—...—l—asn) —f(z1— 22— . — @) —2f(:c1)>
. 52<2f(x1 + T +2— —I—xn> _ f(Il) — f(;v2+... —I—:Un)>H (1.9)

in Banach spaces

In this paper, we solve and proved the Hyers-Ulam stability for (s, t)-functional inequalities (1.1), ie the (s;t)-functional
inequalities with three variables. Under suitable assumptions on spaces X and Y, we will prove that the mappings
satisfying the (s; t)-functional inequatilies (1.1). Thus, the results in this paper are generalization of those in
[31,[4],[5],[15].[22] for (s; t)-functional inequatilies with three variables.

The paper is organized as followns: In section preliminarier we remind some basic notations in [3],[8] such as complete
generalized metric space and Solutions of the inequalities.

Section 3: In this section, I use the method of the fixed to prove the Hyers-Ulam stability of the addive (s,t)- functional
inequalities (1.1) when X be a normed space and Y Banach space.

Section 4: In this section, I use the method of directly determining the solution for (1.1) when X be a normed space and
Y Banach space.

2. Preliminaries

2.1. Complete Generalized Metric Space And Solutions of The Inequalities.
Theorem 2.1. Let (X , d) be a complete generalized metric space and let J: X — X be a

strictly contractive mapping with Lipschitz constant L < 1. Then for each given element
r € X, either

d(JanH) ~ s
for all nonegative integers n or there exists a positive integer ng such that
(1) d(J", J™) < oc, ¥ > ny;
(2) The sequence {J”az} converges to a fized point y* of J;
(3) y* is the unique fized point of J in the set Y = {y € X|d(J”./ J”“) < oo};
(4) d(y.y*) < t5d(y, Jy) Yy €Y

2.2. Solutions of The Inequalities.
The functional equation f(x +y) = f(x) + f(y) is called the cauchuy equation. In particular, every solution of the cauchuy
equation is said to be an additive mapping. For convenience, I also require the following classes of mappings:

Fo(X,Y) ={f:X =Y :f(0) =0]
A(X,Y) - {f:X—»Y}
Aq <XY> ~F, (X Y> mA(X,Y)
(C\{0},Y) ={G: C\ {0} = Y, G(s,t) = v2s| + |t| < 1}

3. Establish The solution of The Additive (s,t)-Function Inequalities Using A Fixed Foint Method

Now, we first study the solutions of (1.1). Note that for these inequalities, when X be a normed space and Y is a Banach
space.
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Lemma 3.1. If a mapping f € A(X, Y) and satisfy

Qf(ml—;—x2+x3+x41...+xk) +f<$1_x2_x3+x4—21—...+1:k) —2f(:51)
Y
< S(f($1+$2+x3+x4i_m+xk)—|—f(.1‘1—$2—x3+x4i—m+xk) —2f(l'1))“
H N\ Z / \ Z / / ||Y
" t(f<x1+x2+ .%'3—|—33‘4—2|—...—|—J}k) —f(.l’l) —f<$2—|— T3 +374‘2|’+$k>)
hNERY
forallz; € X, 5 =1—mn, then f is additive
Proof. Replacing (3:17 ,xn) by (0,0...,0) in (3.1), we get
(1=t r©)f <o (3.2)
So f(0) = 0.
Next Assume that f € A(X,Y) satisfies (3.1)
Replacing (:1:1, 7az:n) by (x, 0,0...,0) in (3.1), we get
x
2/(3) - 7(@)| <0
Y
and so 2f<§) = f(m) for all x € X.
Thus
x 1
1(3)=37(2) (33)
for all z € X It follows from (3.1) and (3.3) that
vty +..t+x,
Hf(xl + o + m%) + f(.’L'l — T2 — W) - Qf(l'l)
Y
T+ T3+ Ts+ ...+ T3+ Ts+ ...+
= 2f<12 2 4= 44 k>+f<x1—xz— . 42 k)—Qf(fl)Y
< S<f<x1+x2+x3+x4—;...+xk> +f($1_$2_:v3+x4—2|—...+mk) —2f(x1)>
Y
n t(f(x1+x2+ m3+x2—2|—...+3:k) —f($1) —f<x2+ x3+x4—21—...+ark>) (3.4)
Y
for all z; € X,j =1 — n and so
+ ...+ x, + ...+ x,
(1 - M)Hf(ld + 22 + %) +f(331 — X2 — %) - Qf(l“l)
Y
< t(f(:m byt +x4;" H:’“) — f(xn) - f(xz It ; +x'“)> (3.5)
Y

Next we letting u = x1 + 29 + w, V=2 — Tg — w in (3.5), we get
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ST |

) — (22 —f(“g”)HY (3.6)

=]

for all v, v € X
and so

(Do = ren s

X
t
< |2—| f (u -+ ’U) —+ f(u — 27) —2f (LL) (3.7)
Y
for all v, v € X It follows from (3.5) and (3.7) that
2 5 T - o
(—1 _ ’5|) F(@1 + w0+ W) — f(z1) — f(2s + W)H
Y
|t|2 - Tz + ...+ >y . . Ty + ...+ 2,
R R I I ) (3.8)
Y
Since \/§|ﬂ1l -+ |[7’2| =1
and so
. xr3 + ... + x, . . xr3z + ... +x,
f(xl+x2+3f) :j(xl) +f(£2+%)

for all x; € X, 5 =1 — n. Thus f is additive. O

Theorem 3.2. Suppose ¢ : X" — IRT U {0} be a function such that

xr1 To €, L

— = e, =) < — (1, T2, -, Ty 3.9
¥ A _2¢(T171’27 7T) ( )

forallz; € X,j =1 —k for L€ RT U{0} with L <1. And if f € Fo(X,Y) satisfy

-+ -+ + ...+ T3 + + ...+
2f(501 > T2 +$C3 Tq < CEk) +f(x1 o — T3 T4 > SCIc) *Qf(iﬁ)

Y

< s(f(x1+x2+x3+x4;---+:ck) +f(x17$27 1'3+1’4;L,,,+5(;k> Qf(x1)>HY
+||t(f (21 + w2+ x3+x4;...+x;€> ~ ) f(m2+a:3+x4;__+xk))HY
+ o (x1, T2, ..., Th) (3.10)

forall x; € X, 5 =1 — n.
Then there exists a unique mapping ¥ € Ag (X,Y) such that

1
Hf(ac) — w(ac)HY < mcp(x,(), ., 0) (3.11)
for all xr € X
Proof. Replacing (.’Z;’l,.l’g, ...,xn) by (x,(), ...70) in (3.10), we get

2/(3) — /(@)

< ¢(«,0,...,0) (3.12)
Y

for all x € X.
Consider the set

Fo(X,Y) =S = {h £ X — Y, h(0) = 0}
and introduce the generalized metric on S:

d(g, h> = ivz/f'{)\ cR: Hg(J) — h(T)H < /\cp(:z:,O, ...,0),‘v’x S X},

where, as usual, in f¢p = +oco. It easy to show that (S, d) is complete (3(36[17]) Now we
cosider the linear mapping J : S — S such that

Jg(:);) = 29(%)

for all x € X. Let g, h € S be given such that d(g7 h) = €. Then

g(x) — n(x)

< ep(x,0,...,0)
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for all z € X.
Hence

Jg(x) — Jh(x) =

(3) - ()

< 2%@(:::,0, .,0) < Lep(x,0,...,0)

< 26g0(g,0,...,0)

for all x € X. So d(g, h) = € implies that d(Jg7 Jh) < L - €. This means that

d(Jg, Jh) < Ld(g, h>

for all g, h € S It folows from (3.12) that

a(f.05) <1
By Theorem 2.1, there exists a mapping 1 : X — Y satisfying the fllowing:

(1) 1 is a unique fixed point of J, ie.,

P(r) = 21,0(%) (3.13)
for all x € X. The mapping 1 is a unique fixed point J in the set
Mz{géS:d(f,g) <oo}
This implies that v is a unique mapping satisfying (3.13) such that there exists a

A€ (0, oo) satisfying

< )\cp(:r,O,...,O)

Hf(:r) —¢(x)

for all x € X
(2) d(Jlf, w> — 0 as | — oo. This implies equality

i 2/ (55) = ()
for all r € X
(3) d( f,z/)) < ﬁd( 7, Jf). which implies

1

S ﬁ(p($7 0, ,O)

Hﬂ@—wu)

for all x € X. It follows (3.9) and (3.10) that
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T+ x T3+ T4+ ...+ 2 T3+ 2Ty + ...+
2f(12 2+ 3 44 k)—l—f(ah—l"g— 3 42 k>_2f(x1)y
. n T1+2y T3+ Tqg+...+T, Ty Ty T3+ Tyt ...t T
:nh_,n;o2 2f( on+1 on+2 )_f(z_n_Q_n_ on+1 )_2f(2_n) N
. n 1+ X9 T3+ x4+ ...+ 2, Xr1 — To T3+ T4+ ... +2, 1
. n 1+ r3+x4+ ...+ 2 T x T3+ Tg+ ...+ Ty
+ lim 2| (F o+ Sy~ F ) G T )
Y
. n /T1 T Ty
+ lim 2 @(2—;,2—2,...,2—”)
T3+ T4+ ...+ 2 T3+ Tqs+ ...+ 2
= S<¢<1’1+1’2+ > 42 k>+?,//‘<1‘1—$2— 3 42 L>—2’¢J(I1)>
Y
, T3+ T4+ ... + 1 Ta+ Ty + ...+ 18
(ot ot 2T o) - S )
Y
(3.14)
forallz; € X,7=1—mn. So
I+ I3+ T4+.. .+ T3+ Tqg+ ...+ Tk ,
27/)( 12 2+ 3 44 k)—?b(m—iﬁg-l- 3 42 L>—QW(I1>
Y

<

Xa+T4+ ...+ Ta 4+ Tqg+ ... + 2k
s<w<£1+:r2+ 3 42 k)—l—w(:vl—:vg— 3 42 '”)—Qw(:rl)>

Y

n t<w<x1+x2+$3+$4+...+1’k>_¢(I1)_w<x2+$3+z4;—...+$k>>

2

Y

for all z; € X,j =1 — n. By Lemma 3.1, the mapping ¢ : X — Y is additive.

Ei
T3+ x4+ ... + 21 T3+ 24+ ... + 21
1/)<$1+£U2‘|' ’ 42 >—ZL’($1)—T//<332—|- ’ 42 )ZO
O
Theorem 3.3. Suppose  : X" — R U{0} be a function such that
Ty Ty Ty L
@(?7?*7?) S aﬁ(ﬂ?l,fz,---,In) (315)
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forallz; € X,j=1—k for Le RYU{0} with L <1. And if f € FO(X,Y) satisfy

Tt r3+x4+...+2x r3+Ty+..+2x
2f<12 2, %3 44 k)-l—f(xl—mg— 3 42 k>_2f(m1)y
+
< s(f(acl—kasg—i-:Lﬂng:L’él;L +$k) +f<x1 - x4;L +$k> —Qf(xl)) §
T3+x4+ ...+ T3t+xs+... .+
7 (o PR = o) = e SRR |
+ (w1, 23,y ) (3.16)
forallz; € X,j=1—n.
Then there exists a unique mapping ¥ € Ay (X, Y) such that
1
|£@) —v@)|, < D) (2,0, ...,0) (3.17)
forallz e X
Proof. Replacing (xl,:vg, ,xn) by (:E,O, ...,O) in (3.16), we get
x
2(5) = F@)] < ¢(@.0,..0) (3.18)
Y
for all x € X.
So
1 1
Hf(x) - §f(2x) < 5@(217,0, ., 0) (3.19)
Y
for all x € X.

Suppose (S =F, (X, Y) , d) be the generalized metric space defined in the proof of Thee-
orem 3.2 Now we cosider the linear mapping J : S — S such that

Jg(ac) = %g<2$)

for all € X. That It follows from (3.19)

< Z9(22,0,...,0) < Lep(z,0,...,0)

DO | —

BRI

Y

The rest of the proof is similar to proof of Theorem 3.2. O]

From proving the theorems we have consequences:
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Corollary 3.4. Suppose r,0 € R* U {0} withr > 1. Let f € F,(X,Y) and satisfy

2f<$1 + 22 +1’3+I4+-..+1’k) +f(ZE1—Sl?2— I3+I4+...+£L’k> —2f(331)
2 4 2
Y
-1'34—334—'— .+ r3+ x4+ ... + X%
< S(f(xl+x2+ )+f(xlfx2f 5 )*Qf(ld)) y
s+ g+ .+ s+ Tg+ .+
+ t<f<.1‘1+332+x3 l’42 xk) —f(xl)—f<x2—|—x3 x42 Ik))
Y
forallxz; € X forallj=1— k.
Then there exists a unique mapping ¥ :€ Ag (X Y) such that
lr@) —v@||, = =5l (3.21)

for all x € X
Corollary 3.5. Suppose r,0 € Rt U{0} withr < 1. Let f € F, (X,Y) and satisfy

A T3 +2Ty+ ...+ 2 T3+ Ty + ...+
2f<1 2+ 3 44 k)+f<$1—:£2— 3 42 k)—?f(xl)

Y

T3+ Ty + ...+ T3+ T4+ ...+
S 8(f<.’1)1+.’152+ 2 1 k)+f($1—$2— 3 4 k>—2f(fl))

2 2
Y
t(f(a?1+x2+ x3—|—a:4—2|—...—|—:1:k> —f(l’l) _f(x2+x3+:c4—2|—...+zk>>H
+ Q(Hxl s ng I ka " (3.22)
forall x; € X forall j =1 — k.
Then there exists a unique mapping Y € Ag (X Y) such that
[r@ —v@, = 5775 (3.23)

for all x € X

4. Establish The Solution of The Additive (s,t)-Function Inequalities Using A Direect Method
Now, we first study the solutions of (1.1). Note that for these inequalities, when X be a normed space and Y is a Banach
space.

Theorem 4.1. Suppose p : X" — R+ U {0} be a mapping such that
(b(wl,wQ,.. ¢7I) = E 29 xl,$2 . x") < oo (4.1)
and let f € Fy (X,Y) satisfies
2]‘($1+x2 +x3+x4z...+xk> +f(961 g — x3+x4—2k...+xk) *Qf(ibl)
Y
(ar st zg+z4;... Y (e CL'3+~’L'4;F--- Ty 2f(w1)>H
2'e
r3 +xT4 + ... +x X3 +Tq4 + ... +XTp
t(f (wr e + 2T L) = F(@) = f (e + B “))
h'e
+ o(x1, T2, ..., Ty) (4.2)
forallz; € X, 5 =1 — n.
Then there exists a unique mapping 1 € Ag (X, Y) such that
|/ @) —v(@)], < e(@0,..0) (4.3)

for all x € X
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Proof. Replacing ((L'l, Loy eeny :L‘n) by (:L', o, ..., 0) in (4.2), we get

[[2r(5) — s, =@ C.w.0.....0) (4.4)

for all x € X

. Hence

ORI
f 2l f 2m
Y

m—1
7 i) _ oj+1 ( X )
2 f(zj 2 f 27+1
Y

J
m—1
: x
= E ZJQO(FaO’---’O) (4.5)
=1

IA

=1

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (4.5) that
the sequence {2”,}’(2"’,’1,)} is a Cauchy sequence for all x € X. Since Y is complete, the

sequence {2”f(ﬁ>} coverges. So one can define the mapping ¢ : X — Y by

P (x) = }1111 2"f(2nz) (4.6)

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (4.6), we get (4.3)
It follows from (4.1) and (4.2) that

Qf(ll -+ x2 4 5153+5154I<--+£L‘k> +f(£L'1 o — :l:3+:ﬁ4;r...+fﬁk) _2f($1) ‘
- T + XTo T3 + xTyg + ... + X, To 3 + Ty + ... + T,
- nlggoz Zf( ont1 + on+2 ) - f(2n on on+1 ) - Zf(2n ) H
. . x1—+—x2 r3 +xy + ... + x, x|y — T xr3 + x4 + ... + Xy
§7}g§o2n s f( + 2n+1 )_f( 2n N 2n+1 ) f(2n ‘Y
” o + XTo xr3 +xg + ... +x xr3 + xg + ... + x,
+ aim 20| ¢ R () - (g S|
Y
€ro Ly,
1 2m ...
+ Hn 90(27;’ 2n’ 7 2n)
xr3 + x4 + ... + T8 xr3 + x4 + ... + Tg
S(¢(I1+J12+ & 42 k)+7,/)($1—$2— 3 42 A)—Qi/)(xl))H
(271 + x2 + 3 42 k)*w(x1)*7/1(1'2+ 3 42 k))H
(4.7)
forall z; € X,5 =1 — n. So
xq + @ xr3 t+ x4y + ... +x T3+ x4 + ... +
2/1/)( 1 2, T3 4 k:)_l/)( g 3 4 k)—Q’I/J(IL‘l)‘
4 2
Y
(171+IE2+ 3 42 k)+’l/1($1*1:2f 3 42 k)2’l/)(:[:1))H
Y

t(z/;(xl “+ o + T3 +a:442f... +xk) — Y (xy) — 7,[1(1’2 + I8 + xa ;r +lk>)H

for all z; € X, j =1 — n. By Lemma 3.1, the mapping ¢ : X — Y is additive. Ei

= 0

T3+T4;+Tk> 71/)(1‘1) 77/}(1_2+ m3+:1c4;... +’I"k)

Now, let 7 : X — Y be another additive mapping satisfying (4.3). Then we have

7/’(171 —+ x2 +

k%] (:l:) — ) 29/ (%) — 294¢)’ (%)

Y
2‘17/)(21—;1) — 2‘1f(%) H -+
< (1+1¢(— 0, ())

which tends to zero as g — oo for all x € X. So we can conclude that (.L) = )’ (.L) for
all x € X. This proves the uniqueness of ). [

209 (55) — 2 (5,

Y
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Theorem 4.2. Suppose ¢ : X™ — R* U {0} be a mapping such that

D (1, 22, ..y Tp) 1= Z %99(2@1,2@2, .._,2f'xn> < oo (4.8)
j=1
and let f € Fy (X,Y) satisfies
xr +x r3 + x4+ ... + X xr3 + x4+ ... +x
2 (B g BRI (g gy SR |
< S(f(:171+:162+ xr3 + T4 —20— +‘,Lk) +f(:L‘1 oy — L3+L4—2F +Lk) 2f(371))HY
T3 + T4 + .. + 24 T3 + T4+ o+ 2y
-+ t(f(.’L'lJrﬂfer»Lg 1142 ‘Lk)*f(zl)*f(:L’QJr‘Lg ‘L42 Lk)) .
+<P($17$2,---,17n) (4.9)
forallz; € X,j=1— n.
Then there exists a unique mapping ) :€ Ag (X, Y) such that
@) = v (@), = e(.0....0) (4.10)
for all x € X
Proof. Replacing (1131,.:172, ...,zn) by (x, o, ..., 0) in (4.9), we get
127(5) = 7@, = ¢(@0,..,0) (4.11)
for all z € X. So
1 1
Hf(q;) _ Ef(Q;L-) ‘ < 5% (22,0,...,0) (4.12)
Y
for all x € X. Hence
1 l 1 m
5/ (2) - 5 (27)
Y
m—1 1
— G\ j+1
< 27f(27x) 2j+1f( J x)
J=l Y
m—1 1 )
<D 52,0, 02) (4.13)
j=l
for all nonnegative integers m and [ with m > [ and all z € X. It follows from (4.13) that
the sequence {%f(Q"x)} is a Cauchy sequence for all x € X. Since Y is complete, the
sequence {Q%f<2”:r) } coverges. So one can define the mapping ¢ : X — Y by
1
= lim — (2” ) 4.14
Y(w) = lim = f (2" (4.14)

Moreover, letting I = 0 and passing the limit m — oo in (4.12), we get (4.10).
The rest of the proof is similar to the proof of theorem 4.1.

From proving the theorems we have consequences:
Corollary 4.3. Suppose r,0 € R* U {0} with r > 1. Let f & Fou (X, Y) and satisfy

Zf(:l:l 4; To + xr3 + x4 ?: s .’L'k;> 4+ f(lL‘1 oy — 3 + T4 ;L .-+ .’L'k:) o 2f(x1) ‘
'S

=[Gy ey ey )|
4 L('/'(.’L‘l 4+ 2 Xz + xa ;f e .’IJk,> o ./,(:1:1) o _/‘(.’tz o+ Xy + x4 ;r e+ ;1:;,,)) HY
—+ ()( a " —+ ||z " —+ .. + ||z |’) (4.15)

Sfor all x; € X for all j = 1 — k.
Then there exists a unique rmapping v < Ag ()(7 Y) such that

276
f(;l:) — ) (:l:) | 5 — 5

-

(4.16)

@

=
v~ =

x
Jor all x € X
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Corollary 4.4. Suppose r,0 € RT U {0} with r << 1. Let f € Fp (X, Y) and satisfy

2f(LL’1 ; T2 4 X3z + xa :lr ..+ -’I»‘A:) + f<w1 oy — xr3 + xa ; e+ .’L’k:) o 2f(:l:1)

= s(f(:r:l 4oz X3 + xa ; e+ ’J.'k-,) 4 f(fl‘1 oy — X3 + xa ; +.Lk> o Qf(ml))H
Y

—+ HL([(:7:1 —+ o + Lz T Xa ; ilnn :L.k) - f(.’lﬁ) - f(flfz —+ s - wa _2'_ e wk)) HY

o (||| [faa]|” e[| (4.17)

Jor all x; € X for all j =1 — k.
Then there exists a unique mapping v & Ao (X, Y) such that

lr@ —v@l, = 25|

(4.18)
xX

Jor all x € X
CONCLUSION
In this paper, I introduce the general (s,t)-function inequality with n variables and then I use two methods of non-zero
point and direct direction to prove and show their solutions. This is an unlimited number of variables when we
provefunctional inequalities.
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